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GEOMETRIC CLASSIFICATION OF 
UNITAL GRAPH C^-ALGEBRAS OF REAL RANK ZERO 

S0REN EILERS, GUNNAR RESTORFF, EFREN RUIZ, AND ADAM P. W. S0RENSEN 


Abstract. We generalize the classification result of Restorff f |Res qU) on 
Cuntz-Krieger algebras to cover all unital graph C*-algebras with real rank 
zero, showing that Morita equivalence in this case is determined by ordered, 
filtered A-theory as conjectured by three of the authors. The classification 
result is geometric in the sense that it establishes that any Morita equivalence 
between C*{E) and C*{F) in this class can be realized by a sequence of moves 
leading from E' to F in a way resembling the role of Reidemeister moves on 
knots. As a key technical step, we prove that the so-called Cuntz splice leaves 
unital graph C'*-algebras invariant up to Morita equivalence. 

The results of this preprint will be generalized in a forthcoming paper. 
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1. Introduction 

Ever since the inception of graph C'*-algebras, it has been a key ambition to 
classify these objects by their itT-theory, either up to isomorphism or stable iso¬ 
morphism. With the simple case resolved by appeal to the celebrated classification 
results of Elliott on one hand and Kirchberg and Phillips on the other, the focus 
has been on the nonsimple C'*-algebras, and in fact this endeavour has evolved in 
parallel with the gradual realization of what invariants may prove to be complete in 
the case when the number of ideals is finite and the C*-algebras in question are not 
stably hnite. In this sense, the fundamental results obtained on the classification 
of certain classes of graph C'*-algebras are playing a role parallel to the one played 
by Rprdam’s classification of simple Cuntz-Krieger algebras as a catalyst for the 
Kirchberg-Phillips classification mentioned above. 

The first two results on the classification problem for nonsimple graph C'*-alge- 
bras were obtained by Rprdam in |R0r97| and by Restorff in |R,es06| by very different 
methods. Rprdam showed the importance of involving the full data contained 
in six-term exact sequences of the C'*-algebras given and proved a very complete 
classification theorem while restricting the ideal lattice to be as small as possible: 
only one nontrivial ideal. In Restorff’s work, the ideal lattice was arbitrary among 
the finite ideal lattices, but as his method was to reduce the problem to classification 
of shifts of finite type and appeal to deep results by Boyle and Huang from symbolic 
dynamics ( |Boy02| , |BH03) 1. only graph C*-algebras in the Cuntz-Krieger class were 
covered. 

Subsequent progress has mainly followed the approach in |R0r97| (see [BKllj . 
|ET10| . |ER,R13b] l. and hence applies only to restricted kinds of ideal lattices but 
with few further restrictions on the nature of the underlying graphs. The case of 
purely infinite graph C'*-algebras with finitely many ideals has been resolved (very 
interestingly, by a different invariant than what was proposed in [ERRlOj l in recent 
work by Bentmann and Meyer (' |BM14| 1. but as summarized in |ERR,18a) there is 
not at present sufficient technology to take this approach much farther in the mixed 
cases than to C'*-algebras with three or four primitive ideals. 

In the paper at hand we complete the stable classification of unital graph C'*-al- 
gebras with real rank zero, following the strategy from |Res06| as generalized by 
the authors in various constellations over a period of 5 years ( |S0rl3| , [ERRlOj . 
|ER,S12| . |ER.S15| 1. Our method of proof, a substantial elaboration of key ideas 
from the authors’ earlier work along with key ideas from the papers of Boyle and 
Huang, leads to a geometric classification, allowing us to conclude from Morita 
equivalence between a pair of graph C'*-algebras C*{E) and C*{F) that a sequence 
of basic moves on the graphs may lead from E to E in a way resembling the role 
of Reidemeister moves on knots. 

These moves are closely related to those defining flow equivalence for shift spaces, 
apart from the so-called Cuntz splice which has no counterpart in dynamics and also 
fails to preserve the canonical diagonal Abelian subalgebra of the graph C'*-alge- 
bras (c/. [MM 14] . |BCW14] 1. In all cases when classification has been established, 
invariance of the Cuntz splice follows immediately from the fact that it will not 
change the AT-theory, and in particular it was observed in |BM14| that Cuntz splice 
is invariant in the class of graph C*-algebras which are purely infinite with finitely 
many ideals. But since our goal is to use the Cuntz splice to establish classification 
results in classes outside the scope of these results, we must prove here that in the 
case under investigation, the Cuntz splice leaves the C'*-algebras invariant. In fact, 
this result covers the full case of unital graph C'*-algebras without any reference to 
real rank zero. 
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Although the real rank zero condition is often seen to bear importance in clas¬ 
sification theory ( [E1193) . |Eil96| . [DG97) . [AR,R12| 1 its role in our proof is of a 
substantially different nature than in the papers listed. Indeed, since we gave in 
|ER,S15| an example of two finite graphs yielding Morita equivalent graph C'*-al- 
gebras of real rank one for which no sequence of moves suffices to lead from one 
to another, we require real rank zero, through its graph algebraic characterization 
Condition (K), to ensure that the classification result is indeed geometric in the 
sense of passing through moves. 

After posting the first version of this paper, we realized that it was possible to 
obtain classification by A'-theory in the general unital case by exhibiting a new 
move which allows us to connect the two examples mentioned above, and we have 
recently completed the proof that this move leaves the C'*-algebra invariant up to 
Morita equivalence. Consequently, we will present a complete classification result 
in a forthcoming paper which will contain the results in the present paper as a 
special case. 


2. Preliminaries for statement of main theorem 

2.1. Graphs and their matrices. By a graph we mean a directed graph. For¬ 
mally: 

Definition 2.1. A graph A is a four tuple E = (E°, E^,r, s) where E^ and E^ are 
sets, and r and s are maps from E^ to E^. The elements of are called vertices, 
the elements of E^ are called edges, the map r is called the range map, and the 
map s is called the source map. 

All graphs considered will be countable, i.e., there are countably many vertices 
and edges. We call a graph finite, if there are only finitely many vertices and edges. 
As usual, two graphs Ei = {E^, El,ri, si) and E 2 = (A 2 , i? 2 , r 2 , S 2 ) are called 
isomorphic if there exist bijections from El to E 2 such that S 2 0 (j)^ = (j)'^ osi and 
r 2 o o ri- We will freely identify graphs up to isomorphism. 

Definition 2.2. A loop is an edge with the same range and source. 

A path p in a graph is a finite sequence p. = 6162 •••e„ of edges satisfying 
r{ei) = s(ei+i), for alH = 1, 2,... , n — 1, and we say that the length of p is n. We 
extend the range and source maps to paths by letting s(p) = s(ei) and r(p) = r(e„). 
Vertices in E are regarded as paths of length 0 (also called empty paths). 

A cycle is a nonempty path p such that s(p) = r(p). A return path is a cycle 
P = 6162 • • • e„ such that r{ei) 7 ^ r(p) for i < n. 

For a loop, cycle or return path, we say that it is based at the source vertex of 
its path. We also say that a vertex supports a certain loop, cycle or return path if 
it is based at that vertex. 

Definition 2.3. A vertex v & E'^ \n E \s called regular if s“^(u) is finite and 
nonempty. 

A vertex v G E^ in E is called source if r~^{v) = 0. A vertex u € in A is 
called a sink if s“^(u) = 0. Note that an isolated vertex is both a sink and a source. 

Notation 2.4. If there exists a path from vertex u to vertex v, then we write u > v 
— this is a preorder on the vertex set, i.e., it is reflexive and transitive, but need 
not be antisymmetric. 

It is key to our approach to graph C'*-algebras to be able to shift between a 
graph and its adjacency matrix. In what follows, we let N denote the set of positive 
integers, while No denotes the set of nonnegative integers. 
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Definition 2.5. Let E = {E^, ,r, s) be a graph. We define its adjacency matrix 

Ae as a X E^ matrix with the (M,i;)’th entry being 

\{e € E^ I s(e) = u,r{e) = i'll ■ 

As we only consider countable graphs, Ae will be a finite matrix or a countably 
infinite matrix, and it will have entries from Nq U {oo}. 

Let A be a set. If A is an A x A matrix with entries from Nq U { 00 } we let Ea 
be the graph with vertex set A and between two vertices x,x' G X we have A{x, x') 
edges. 

It will be convenient for us to alter the adjacency matrix of a graph in two very 
specific ways, removing singular rows and subtracting the identity, so we introduce 
notation for this. 

Notation 2.6. Let i? be a graph and Ae its adjacency matrix. Denote by the 
matrix obtained from Ae by removing all rows corresponding to singular vertices 
of E. 

Let B^; denote the matrix Ae — I, and let be B^; with the rows corresponding 
to singular vertices of E removed. 

2.2. Graph (7*-algebras. We follow the notation and definition for graph (7*-al- 
gebras in |FLR00) : this is not the convention used in Raeburn’s monograph |Rae05) . 

Definition 2.7. Let E = {E^, E^,r, s) be a graph. The graph C*-algebra C*{E) 
is defined as the universal C*-algebra generated by a set of mutually orthogonal 
projections {p„ \ v G E^^ and a set {sg | e G of partial isometries satisfying 
the relations 

• s*s/ = 0 if e, f G E^ and e /, 

• S*Se = Pr(e) for 6 G E^, 

• SgS* < Ps(e) for all e G E^, and, 

• Pv = Z]ees-i(j;) ■SeS* for all V G E^ with 0 < < oo- 

It is clear from the definition that an isomorphism between graphs induces a 
canonical isomorphism between the corresponding graph C*-algebras. 

Definition 2.8. Let i? be a graph. We say that E satisfies Condition (K) if for all 
vertices v G E'^ in E, either there is no return path based at v or there are at least 
two distinct return paths based at v. 

Remark 2.9. The graph C*-algebra C*{E) is isomorphic to a Cuntz-Krieger alge¬ 
bra if and only if the graph E is finite with no sinks, see [AR12[ Theorem 3.13]. If 
all vertices in E support two loops, then C*{E) is purely infinite, see |HS031 Theo¬ 
rem 2.3]. In our main result, Theorem \,‘H[ the graphs are assumed to have finitely 
many vertices and to satisfy Condition (K) — for all such graphs the associated 
graph C*-algebras are separable, unital, of real rank zero |HS03[ Theorem 2.5] and 
have finitely many ideals. 

2.3. Filtered A-theory. 

Definition 2.10. Let 21 be a C'*-algebra with finitely many ideals, and let Prim21 
denote the primitive ideal space of 21 equipped with the hull-kernel topology. A 
subset of Prim 21 is called locally closed, if it is the set difference between two open 
subsets of Prim 21. There is a canonical lattice isomorphism between the open 
subsets of Prim 21 and the (closed, two sided) ideals of 21 — let us denote this 
correspondence with O i—>■ 21(0). If R C Prim 21 is a difference set, then V = U\0 
for some open subsets O C U C Prim 21. If also V = U' \ O' for some other open 
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subsets O' C U' C Prim 21, then there exists a canonical isomorphism between 
2l(17)/2l(0) and 2l(C/')/2l(0')- Thus we can let 

21(1/) = 21 fl C/ /2l fl O 

\v=U\0,0QUQPTim'2l J \F=C/\0,0C;7CPrim 21 

with a slight abuse of notation, since we identify 21(0) with 2l(O)/{0} whenever O 
is open. Note, that all singletons of Prim 21 are locally closed. 

For each x G Prim 21 we let Sx denote the smallest open subset that contains x, 
and we let = Sx \ {x}, which is an open subset. Whenever we have two open 
subsets O C U C Prim 21, we get a cyclic six term exact sequence in /f-theory: 

Komo)) -- Komu)) -- Komu \ O)) 

( 2 . 1 ) 

iFi(2l(t/ \ O)) ^ -Jfi(2l(17)) --/fi(2l(0)). 

In fact, this holds even if O and U are locally closed. If 21 is a real rank zero algebra, 
then the map from Kq io Ki will be the zero map. 

Let 

/o(2l) = {Rx I X G Prim2t, 7 ^ 0} U {S'a, | x G Prim21} U {{xj | x G Prim21} , 
/i(2l) = {{x} I X G Prim21} , 

and let Imm(x) denote the set 

{y G Prim21 | Sy C Sxf\ ,3z G Prim21: Sy <G Sz ^ Sx} ■ 

The reduced filtered K-theory of 21, FK 7 j( 2 l), consists of the families of groups 
(iFo( 2 l(l/)))vg/p(a) and (^fi( 2 (( 0 )))og/i(a) together with the maps in the sequences 

iFi( 2 t({x})) ^ KomRx)) ^ KomS.)) ^ iLo( 2 l({x})) 

originating from the sequence for all X G Prim 21 with Rx and the maps 

in the sequences 

Koi^Sy)) ^ K^{%Rx)) 

originating from the sequence (EH), for all pairs (x,?/) G Prim 21 with y G Imm(x) 
and Imm(x) \ {y} 7 / 0. 

Let also *8 be a C'*-algebra with finitely many ideals. An isomorphism from 
FK 7 ^( 21 ) to FK 7 ^(* 8 ) consists of a homeomorphism p: Prim21 —7 Prim® and fam¬ 
ilies of isomorphisms 

( 0 v: KomV)) ^ Ko{^{p{VmvGioi<^) 

{f;o: iLi( 21 ( 0 )) ^iLi(®(p( 0 ))))oeq(a) 
such that all the ladders coming from the above sequences commute. 

Analogously, we define the ordered reduced filtered K-theory of 21, FK^(21), just 
as FK 7 j( 21 ) where we also consider the order on all the ATo-groups — and for an 
isomorphism, we demand that the isomorphisms between the ATo-groups are order 
isomorphisms. 

2.4. Moves on graphs. In this section we describe the moves on graphs used in 
|S0rl3| . We mention that these moves have been considered by other authors, and 
were previously noted to preserve the Morita equivalence class of the associated 
graph C'*-algebra (see |BP04| L 
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Definition 2.11 (Move (S): Remove a regular source). Let E = ,r, s) be 

a graph, and let w € E'^ he a. source that is also a regular vertex. Let Es denote 
the graph {Eg, Eg,rs,ss) defined by 

Es-=E°\{w} Ey.= E^\s-^{w) rs:=r\Ei ss := s | ei . 

We call Es the graph obtained by removing the source w from E, and say Es is 
formed by performing move (S) to E. 


Definition 2.12 (Move (R): Reduction at a regular vertex). Suppose that E = 

{E^,E^ ,r,s) is a graph, and let w € £1° be a regular vertex with the property 

that s{r~^{w)) = {x}, s~^{w) = {/}, and r(/) ^ w. Let Er denote the graph 
{E^, Ej^, rR, Sr) defined by 

:= E^ \ {re} 

E^ ■= i^E^ \ ({/} U r~^{w))) U {e/ \ e € E^ and r(e) = ic} 

rij(e) := r(e) if e e \ ({/} Ur“^(t(;)) and rR{ef) := r{f) 

SR{e) := s{e) if e € E^ \{{f}Ur~^{w)) and Si?(e/) := s(e) = x. 

We call Er the graph obtained by reducing E at w, and say Er is a reduction of E 
or that Er is formed by performing move (R) to E. 


Definition 2.13 (Move (0): Outsplit at a non-sink). Let E = {E'^,E^,r,s) be a 
graph, and let w € E^ be vertex that is not a sink. Partition s“^('u;) as a disjoint 
union of a hnite number of nonempty sets 

s“^(t(;) = U £’2 U • • • U £■„ 

with the property that at most one of the £i is infinite. Let Eq denote the graph 
{E'fj,E^,ro,so) defined by 

Eq := \ v & E^ and u w} U .. 

Eq := {e^ \ e € E^ and r(e) ^ w} L) {e^, 

r(e)^ if e € and r(e) ^ w 
if e € E^ and r(e) = w 

s(e)^ if e G and s(e) ^ w 

s(e)^ if e € E^ and s(e) = w with e € £j. 


,u;”} 


, e" \ e € E^ and r(e) = w} 



We call Eq the graph obtained by outsplitting E at w, and say Eq is formed by 
performing move (0) to E. 


Definition 2.14 (Move (I): Insplit at a regular non-source). Suppose that E = 
{E^,E^ ,r,s) is a graph, and let w & E^ he & regular vertex that is not a source. 
Partition r~^{w) as a disjoint union of a hnite number of nonempty sets 

r~^{w) = U £’2 • • • U £■„. 

Let Ej denote the graph (E'j, Ej ,ri, sj) dehned by 

E^ := I u G E° and U{u;\...,t(;”} 

E} := \ e € E^ and s(e) 7^ ic} U {e^,..., e" \ e & E^ and s(e) = w} 

if e G and r(e) 7^ w 

if e G and r(e) = w with e G £j 

if e & E^ and s(e) 7 ^ w 
if e € E^ and s(e) = w. 
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We call Ej the graph obtained by insplitting E at w, and say Ej is formed by 
performing move (I) to E. 

Definition 2.15 (Move (C): Cuntz splicing at a regular vertex supporting two 
return paths). Let E = {E^, E^,r, s) be a graph and let v G E'^ he a. regular vertex 
that supports at least two return paths. Let Ec denote the graph {E^,Eq, rc, sc) 
defined by 

E°c :=L;°U{ui,U2} 

Ec ■= E^ U {ei, 62, /i, /2, hi,h 2 }, 
where rc and sc extend r and s, respectively, and satisfy 

sciei)=v, sc(e2)=ui, sc(/i) = wi, scihi)=u2, 

and 

rc(ei)=ui, rcie2)=v, rcifi)=Ui, = Mj. 

We call Ec the graph obtained by Cuntz splicing E at v, and say Ec is formed by 
performing move (C) to E. 

We also use the notation Ey^- for this graph — even in the case where v is not 
regular or not supporting two return paths. We can also Cuntz splice the vertex 

Ml in Ey^-, and the resulting graph we denote Ey^ _See also Notation 15.111 and 

Example 15.41 for illustrations of the Cuntz splice. 

Definition 2.16. The equivalence relation generated by the moves (0), (I), (R), 
(S) together with graph isomorphism is called move equivalence, and denoted ~m- 
The equivalence relation generated by the moves (0), (I), (R), (S), (C) together 
with graph isomorphism is called move prime equivalence, and denoted '^m' ■ 

The following theorem follows from |S0rl3[ Propositions 3.1, 3.2 and 3.3 and 
Theorem 3.5]. 

Theorem 2.17 ( |S0rl3| ). Let El and E 2 be graphs such that Ei £’ 2 - Then 
C*{Ei) C*{E 2 ) 

We also extend the notation of move equivalence to adjacency matrices. 

Definition 2.18. If A, A! are square matrices with entries in No U { 00 } we define 
them to be move equivalent, and write A A! if E^i E^/. We define move 

prime equivalence similarly. 

3. Main result 

Theorem 3.1. Let Ei and E 2 be graphs with finitely many vertices satisfying 
Condition (K). Then the following are equivalent: 

(1) El '^M' E 2 , 

(2) C*{Ei)®K^ C*{E 2 ) (8> K, and, 

( 3 ) FK+(C'*(i?i))=FK+(C*(i?2)). 

3.1. Strategy of proof and structure of the paper. The proof of the main 
theorem above, Theorem 13.11 is structured as follows. 

Section[S]is devoted to show that the move (C) gives stable isomorphism. Thus, 
([T]) implies ([2|) follows from Theorem l2.17l and ProDOsition l5.8l — a variant for finite 
graphs is in |ERS15| . 

That ([2]) implies Q is clear. 

The rest of the paper is devoted to proving that ([2]) implies ([T]) . Mainly we emu¬ 
late the previous proofs that go from filtered K-theory data to stable isomorphism 
or flow equivalence, as in |BH03[ |Boy02[ [Res06) . A key component of those proofs 
is manipulation of the matrix B^., in particular that we can perform basic row and 
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column operations without changing stable isomorphism class or flow equivalence 
class, depending on context. We prove in Section 14.21 that these matrix manipu¬ 
lation are allowed. Once we understand matrix manipulations our proof that (|5|) 
implies o goes through 5 steps. 

Step 1 First we find graphs Fi and F 2 in a certain standard form such that Fi ~m' 
Ei- This standard form will ensure that the adjacency matrices have 
the same size and block structure, and that they satisfy certain additional 
technical conditions. This will be done in Section [71 
Step 2 In Section [8] we generalize a result of Boyle and Huang l |BHfl8) l. to show 
that the isomorphism FK^(C'*(F'i)) = FK^(C'*(F' 2 )) is induced by a GL-p- 
equivalence from to B^^. 

Step 3 In Section 12] we find graphs Gi, G 2 such that Gi ~m' Fi and B^^ and B^^ 
are SL-p-equivalent. 

Step 4 Then, in Section (TUI we generalize Boyle’s positive factorization result from 
|Boy02| to show that there exists a positive SLp-equivalence between B^^ 
and B^^. 

Step 5 It now follows from the results of Section 0^ that Gi ~m' G 2 and hence 
that El ’^M' E 2 - 

In Section [51 we introduce some notation and concepts about block matrices 
needed in the proof. In Section [11] we combine the results of the previous sections 
to prove the main theorem. 


4. Derived moves 

4.1. Moves on graphs. Here we introduce the derived moves from |S0rl3[ Section 
5]. These are shown not to change the move equivalence class, but using them 
simplifies working with ~m- 

Definition 4.1 (Collapse a regular vertex that does not support a loop). Let 
E — {E^, E^ ,r, s) be a graph and let u be a regular vertex in E that does not 
support a loop. Define a graph Ecol by 

i^COL = \ {u}, 

Ecol = E'^\ ir~\v) U s~^{v)) U {[ef] \ e € r-\v) and / e s"^(u)} , 

the range and source maps extends those of E, and satisfy rEcoLii^f]) — '''if) 
SEcoi([e/]) = s(e). 

According to |S0rl31 Theorem 5.2] E Ecol — in fact, the collapse move 
can be obtained using move (0) and move (R). 

We also introduce move (T). 

Definition 4.2. Let E = {E^, E^,r, s) be a graph and let a = 0102 • • • be a 
path such that AB(s(ai), r(ai)) = 00 . Define a graph Et by 

pO _ T^O 

H/'j' — H/ , 

U {a™ I m e N} 

the range and source maps extends those of E, and satisfy TErpicF^) = r{a) and 

set{oE") = s ( a )- 


By |S0rl31 Theorem 5.4] E Et- 
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4.2. Moves on matrices. Let E’ be a graph with finitely many vertices. In this 
section we perform row and column additions on B e without changing move equiv¬ 
alence class of the associated graphs. Our setup is slightly different from what was 
considered in |S0rl3[ Section 7], so we redo the proofs from there in onr setting. 
There are no substantial changes in the proof technique. 

Lemma 4.3. Let E = [E^s) he a graph with finitely many vertices. Let 
u,v G E° be distinct vertices. Suppose the {u,v)’th entry of Be is nonzero (i.e., 
there is an edge from u to v), and that the sum of the entries in the u ’th row of 
Be is strictly greater than 0 (i.e., u emits at least two edges). If B' is the matrix 
formed from Be by adding the u ’th column into the v ’th column, then 

Ae '^m B' + I. 

Proof. Fix an edge / from u to v. Form a graph G from E by removing / but 
adding for each edge e S r~^{u) an edge e with s{e) = s(e) and r(e) = v. We claim 
that B' = Bgr. At any entry other than the (u,i;)’th entry the two matrices have 
the same values, since we in both cases add entries into the T’th column that are 
exactly equal to the number of edges in E. At the (it, w)’th entry of B^ we have 

(|s^^(m) n r])^{v)\ - 1) -f n r^^(it)| = B£;(it,i;) + Be{u,u) = B'{u,v). 

Thus to prove this lemma it suffices to show E G. 

Partition s“^(it) as £i = {/} and £2 = s~^(it) \ {/}• By assumption £2 is not 
empty, so we can use move (0). Doing so yields a graph just as E but where u is 
replaced by two vertices, iti and U 2 . The vertex iti receives a copy of everything u 
did and it emits only one edge. That edge has range v. The vertex U 2 also receives 
a copy of everything u did, and it emits everything u did, except /. Since iti is 
regular and not the base of a loop, we can collapse it. The resulting graph is G 
(after we relabel U 2 as u), so G E. □ 

We can also add columns along a path. 

Proposition 4.4. Let E = {E^, E^ ,r, s) be a graph with finitely many vertices. 
Suppose u,v G E° are distinct vertices with a path from u to v going through 
distinct vertices u = uq,ui,U 2 , ... = v (labelled so there is an edge from ui to 

Mi+i for i = 0,1,2,... ,n — 1). Suppose further that for each i = 0,1,2,... ,n — 1 
the vertex Ui emits at least two edges. If B' is the matrix formed from Be by adding 
the u ’th column into the v ’th column, then 

Afi '^M B' + I. 

Proof. By repeated applications of Lemma 14.31 we first add the it„-i’th column 
into the ii^’th column, which we can since there is an edge from u„_i to Then 
we add the u„_ 2 ’th column into the ii^’th column, which we can since there now is 
an edge from ii „-2 to Un. Continuing this way, we end up with a matrix G which 
is formed from B^; by adding all the columns Ui, for i = 0,1, 2,..., n — 1, into the 
the Un’th column. We have that Ae G + I 

Consider the matrix D that is formed from B^; by adding all the columns uq and 
Ui, for i = 2,11... ,n — 1, into the the Un’th column. Adding the Mi’th column in 
D into the M„’th column yields G. So by Lemma I4.3L which applies since in Be+i 
there is an edge from ui to we get that D + I '^m C + I ^e- Similarly we 
see that D -I- / is move equivalent to the matrix formed from B^ by adding all the 
columns uq and Ui, for i = 1... ,n — 1, into the the M„’th column. Continuing to 
subtract columns in this fashion, we get that Ae B' + I. □ 

Remark 4.5. Similar to how we used Lemma \4.S\ in the above proof, we can use 
Proposition \4.4\ “backwards” to subtract columns in B^; as long as the addition that 
undoes the subtraction would be legal. 
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We now turn to row additions. 

Lemma 4.6. Let E = [E^s) be a graph with finitely many vertices. Let 
UjV € E^ be distinct vertices. Suppose the {v,u)’th entry of is nonzero (i.e., 
there is an edge from v to u), that the sum of the entries in the u ’th column of Be 
is strictly greater than 0 (i.e., u receives at least two edges), and that u is a regular 
vertex. If B' is the matrix formed from by adding the u ’th row into the v ’th 
row, then 

Ae B' + I. 

Proof. Fix an edge / from v to u. Form a graph G from E by removing / but 
adding for each edge e S s~^{u) an edge e with s(e) = v and r(e) = r(e). We claim 
that E G. Arguing as in the proof of Lemma H751 we see that this is equivalent 
to proving Ae B' + I. 

Partition r~^{u) as £i = {/} and £2 = r~^{u) \ {/}. By our assumptions on 
u, £2 is nonempty, and u is regular, so we can use move (I). Doing so replaces u 
with two new vertices, ui and U 2 . The vertex ui only receives one edge, and that 
edge comes from v, the vertex U 2 receives the edges u received except /. Since ui 
is regular and not the base of a loop of length one we can collapse it. The resulting 
graph is G (after we relabel U 2 as u), so G E. □ 

Naturally we can also add rows along a path. 

Proposition 4.7. Let E = [E^,E^,r,s) be a graph with finitely many vertices. 
Suppose u,v G E^ are distinct vertices with a path from v to u going through 
distinct vertices v = vo,vi,V 2 ,... ,Vn = u (labelled so there is an edge from Vi to 
ViEi for i = 0,1,2,... ,n — 1). Suppose further that for each i = 1,2,... ,n the 
vertex Vi is regular and receives at least two edges. If B' is the matrix formed from 
Be by adding the u ’th row into the v ’th row, then 

Ae '^m B' + I. 

Proof. The proof is completely analogous to the proof of Proposition 14.41 □ 

Remark 4.8. We can also use Proposition \4.7\ “backwards” to subtract rows in Be 
(cl. Remark \4-.5^ . 

5. CUNTZ SPLICE IMPLIES STABLE ISOMORPHISM 

In this section we prove that o implies m in Theorem 13.11 We know that 
the moves (0), (I), (R), (S) imply stable isomorphism, cf. Theorem 12.171 What 
is missing is to prove that if Ei and E 2 are graphs with finitely many vertices 
satisfying Condition (K) and Ei is the Cuntz splice of E 2 on a vertex that supports 
at least two distinct return paths then G*{Ei) 0 K = G*(i? 2 ) ® K, which is what 
we prove in Proposition 15.81 This is also an important result needed in Section |9l 
First we reduce to the case where we perform a Cuntz splice on a regular vertex 
that supports at least two loops. 

Proposition 5.1. Let E be a graph with finitely many vertices, and let u G E^ be 
a vertex that supports at least two distinct return paths. Then there exists a graph 
F and a regular vertex v G such that 

(1) E F, 

(2) Ey^ — A 4 Ey^— and Ey^ - Ey^ - , 

(3) v supports at least two loops, and, 

(4) for all w G with v > w > v we have that w supports at least one loop, 
there is a path from v to w through regular vertices, and there is a path from 
w to V through regular vertices (we say that a path 6162 • • • e„ goes through 
regular vertices if s(ei) is regular for all i = 2,3,... ,n). 
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Proof. Let w G \{ u} be a regular vertex such that u > w > u. If za does not 
support a loop we can use the collapse move (Definition 14.111 to remove it. The 
resulting graph will be move equivalent to E and have fewer regular vertices z with 
u > z > u that do not support a loop. So by repeatedly collapsing regular vertices 
that do not support loops we arrive at a graph Ei such that E Ei , and since the 

Cuntz splice has no bearing on the collapse move we also see that Eu^- '^m mu,- 
and Eu, — ~m {Ei)u--. 

For each infinite emitter in w G Ei \ {it} with u > w > u, we can apply move 
(T) to assure that there is at least one loop based at w. Call the resulting graph 
E 2 . Again we have that E A ’2 and again the Cuntz splice is irrelevant for our 

move so Eu^- (-£' 2 ) 11 ,- and Eu^ _(-£' 2 ) 11 ,_Thus we have now found a 

graph where every vertex w ^ u with w > u> w supports at least one loop. 

We will now modify E 2 to get the desired paths to and from u through regular 
vertices. Let w G Eif \ {it} be a vertex with u > w > u. Suppose every path 
from u to w goes through an infinite emitter and pick a path 6162 • • • e„ from it to 
w of minimal length (in particular it does not contain any loops nor does it visit 
It again). Let I be the first index such that s(e;) is an infinite emitter, and note 
that ei is not a loop. Partition s“^(s(e;)) into two sets, one of them {e/}, and then 
outsplit according to this partition. After the outsplit we can collapse the vertex 
that emits e;, since e/ is the only edge it emits. Notice that in the post-collapse 
graph, the singular vertices are the same, and all the paths that were in the graph 
are still present, and each vertex z ^ it with u > z > u still supports at least one 
loop. We now have an edge from s(ej_i) to r(ei), so we can change our path to 
avoid s(e/). Continuing in this fashion we eventual modify E 2 in such a way that 
there is a path from u to w using only regular vertices. Now we continue to do this 
for every such vertex w. 

Exactly the same strategy lets us assure that there is a path from w to u through 
regular vertices when u > w > u. Call the graph that emerges after all these moves 
E 3 . 

Since we only did outsplits and collapses on vertices in E 2 \ {it}, we see that 
these moves are unaffected by the Cuntz splice. Thus we have E A 3 , A„ _ 
{.E'3,')u.— and — '^m {,E’;f)u .— • 

Now we want to modify E 3 such that it has at least two loops. If not, then since u 
supports two distinct return paths there exists some vertex w ^ u such that w > u 
and |s“^(it) n r“^(iy)| > f. As every vertex z u with u > z >u supports a loop, 
we can use Proposition 14.41 to add the ic’th column of Be^ into the ii’th column 
twice. Call the resulting matrix i?', and let £'4 = Bb'+i- In A 4 , it will support (at 
least) two loops and all the other properties are preserved, since w supports a loop. 

The column addition is also valid in {E^)u,- and _, so we have E A 4 , 

Eu.— (A 4 )u,— and A^^— ~m - 

We will do the proof in cases. 

Case 1: If it is regular, then we can end Case f by letting F = E 4 and v = u. 

Case 2: it is an infinite emitter and there exists wg G A° such that wq > u and 
|s“^(it) n r“^(ico)| = 00 . 

Doing what we did above and using move (T) we can find a graph £5 such that 

(i) £ As, 

(ii) Eu- ~M {E^)u- and E ^,— ~m (As)^.—, 

(hi) It supports infinitely many loops, 

(iv) if It > ic > It then there are infinitely many edges from it to ic, and, 

(v) for all w G Ag with u > w > u we have that w supports at least one loop, 
there is a path from u to w through regular vertices, and there is a path from 
w to u through regular vertices. 
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Pick two edges ei, 62 S s~^{u) fl r~^{u), and pick for each u > w > u, w ^ u, 
one edge G s“^(u) fl r~^{w). Partition s~^{u) as into two sets, one which is 

£i = {ei, 62 } U {cu, \ u > w > u,w ^ u}. 

Out-splitting according to this partition we get a graph F with E F- We will 

show that {E^)u,- and __Hence putting v = ui will 

complete the proof of this case. 

In we call the two vertices in the Cuntz splice vi and V 2 , and let / be 

the edge from u to Pi. If we outsplit at u by partitioning s“^(u) into two sets, one 
of which is 


Fl = {ei, 62 , /} U {cu, \ u > w > u,w ^ u} 


we get a graph Fi {E^)^,-, which is just like Fu^^-, except that in Fi, there is 
an edge from vi to U 2 , while there is no such edge in fui,-. But Proposition 14.41 
lets us add the 112 ’th column in _ to the U 2 ’th, to show that Fi F^^-. 

A completely analogue argument shows that _ {E^)u, _ Letting 

V = ui finishes Case 2. 

Case 3: u is an infinite emitter and for all w € E^ with |s“^(u) fl r“^(ui)| = 00 
we have w ^ u. 

We will perform an outsplit at u, by partitioning into two sets, one of 

which is 


£1 = {e & s ^(m) I r(e) > u}. 

Similarly to Case 2, we see that the only difference between outsplitting according 
to this partition before or after we perform the Cuntz splice is as edge from vi to U 2 
(notation as above). Hence, we see as above that if we let E be the outsplit graph 

coming from E 4 , then E 4 F, (i? 4 )«,- -Fjii,- and (A 4 )«.— - 

Letting v = ui finishes Case 3. □ 


We now show that performing the Cuntz splice twice is a legal move. 

Proposition 5.2. Let E be a graph with finitely many vertices, and let v be a 
vertex that supports at least two distinct return paths. Then E '^m Ey^ _ 

Proof. According to Proposition 15.11 we can assume that E satisfies the conditions 
of that proposition — so we assume that z; is a regular vertex that supports at least 
two loops. Moreover, for convenience, we let n be the number of vertices in E and 
we label the vertices by the numbers 1,2 ,..., n in such a way that v gets the label 

n. 

For a given matrix size N and i,j G {1, 2,..., TV}, we let A(j denote the N x N 
matrix that is equal to the identity matrix everywhere except for the (i, j)’th entry, 
that is 1. If H is a TV X matrix, then is the matrix obtained from B by 

adding j’th row into the i’th row, and BE(^i j'j is the matrix obtained from B by 
adding z’th column into the j’th column. Using instead will yield subtraction. 
In what follows we will make extensive use of Propositions 14.41 and l4.7l and Remarks 
Ii31 and 14.8[ we feel it will only muddle the exposition if we add all the references 
in. 
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Note that _can be written as 


/ /O 0 0 0\\ 

B_e .... 

0 0 0 0 

Vo 1 0 0 / . 

/O • • • 0 0\ /O 1 0 0\ 

0 ••• 0 1 10 10 

0 ••• 0 0 0 1 0 1 

Vvo ••• 0 0 / yo 0 1 0 // 

Now let B 2 = i^(„+ 2 .«+ 3 )-Bi and B 3 = B 2 £^(“V 3 _„+ 4 )- Then Bi+I ~m B 2 +I ~m 
B 3 + I. We have that 

/ /O 0 0 0\ \ 


0 0 0 0 

B,= \0 1 0 0 ) 

/O • • • 0 0\ /O 1 0 0 \ 

0 ••• 0 1 1110 
0 ••• 0 0 0 1 0 1 

Vyo ••• 0 0/ yo 0 1 -1// 

The n + 4’th vertex in Eb 3 _|_/ does not support a loop, so it can be collapsed yielding 

/ /o 0 0\\ 


0 0 0 

-^4= yoio/- 

/o • • • 0 o\ /o 1 o\ 

vVo ••• 0 oj (01 ijy 

With B 4 + I -M B 3 + I. Now we let B 5 = £^(“y2.n+l)-®4, Bq = E(^„^n+ 3 )B 5 , 
By = B 3 = E(^n+ 3 ,n+ 2 )B 7 and Bg = 138^'(„_|_2^„+i)- We then 

have B 4 1 By, 1 Bq + I By + I Bg 1 Bg -\-1. ^Ve have 
that 

/ /O 0 0\ \ 


0 0 0 

-S9 = yo 0 1/ 

/o ••• 0 o\ /-I 1 o\ 
o - oi 1 01 

yyo 0 1; yo i 2JJ 

In Esg+i the n + I’th vertex does not support a loop, so it can be collapsed to yield 



with Bg + I > 


Bio +1. 
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Now we look at the graph E again, and and let Be = (bij). Since the vertex 
V (number n) has at least two loops, we have > 1- Now we can insplit by 
partitioning r~^{v) into two sets, one with a single set consisting of a loop based 
at V, and the other the rest. In the resulting graph, v is split into two vertices 
and and let E' denote the rest of the graph. The vertex has the same edges 
in and out of E' as v had, but it has only loops. There is one edge from 
to and has one loop and there are edges from to as well as all the 
same edges going from into E' as originally from v. Use the inverse collapse 
move to add a new vertex u to the middle of the edge from to v'^ and call the 
resulting graph F. Label the vertices such that v^, u and v'^ are the n’th, n + I’st 
and n + 2 ’nd vertex, then is: 


/ 


Bf = 


\\br,l 


B 


0 


0 

^n.n —1 


/o o\\ 

0 0 

VI 0 / 

(V ;)J 


where B is Be except for on the (n,n)’th entry, which is — 1. Note that 
bnn — 1 > 0, so that there is still a loop based at the n’th vertex. This is im¬ 
portant since it allows us to do the following matrix manipulations. Let C 2 = 

BFL'(n-|-2,n-|-l)£'(n-|-2,n-|-l)) C's = £'(n-|-2,n-|-l) 1^2, C4 = C'sj Cs = C4L'(n-|-l,n) 

and Cq = C^Ef^^_^ 2 ,n+i) ■ have that Ci-\-1 C 2 I I I 

C 5 -f / '^M C'e -f /. The matrix Cq is in fact equivalent to Biq upon relabelling of 
the last two vertices, thus it follows, that E _ D 


We now show that Cuntz splicing once and twice yields isomorphic graph C*- 
algebras. To do this, we hrst set up some notation. 

Notation 5.3. Let E* and E** denote the graphs: 


E 




E* = 



ei 

r> 

€2 

€4 

0 



63 



h 


fi 

fi 

0 

h 


n 






h 




The graph E* is what we attach when we Cuntz splice, if we instead attach the 
graph E*, it is like we Cuntz spliced twice. 

Let E = (if°, E^jTe, se) be a graph and let n be a vertex of E. Then can 
be described as follows (up to canonical isomorphism): 

U E° 

El_=E^U-Elu{dud2} 

with _ l^;! = te, se^^_ Iei = Se, rE^,_ Ie^ = I’d. , Ie^ = se. , and 

(di) = u 

SEu,-{d2) = Vi 


rEu,-{di) = vi 
i'F„,_((i2) = u. 
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Moreover, Eu, _can be described as follows (up to canonical isomorphism): 

El__ =E°U 

El__= E^UElu{di,d2} 

with __ 1^1 = re, l^i = se, Ie^. = ?’e.. , Iej. = se.. , and 

SE„,__(di)=R (di) = wi 

SE„,__ (^ 2 ) = tCl TE„,__(d2) = M- 


Example 5.4. Consider the graph 

E 


Then 


c-o 


and 


ei 

64 

0 


,V2 



iio It ii fi 



By classification of simple purely infinite graph C*-algebras, i.e., by Kirchberg- 
Phillips classification, the graph C'*-algebras C'*(E,) and C'*(E**) are isomorphic 
(this important case is actually due to Rprdam, c/. |R0r95| ). To show that C*(£'„__) 

is isomorphic to C*(£'„__) we would like to know that C'*(E*) and C*(E**) are still 

isomorphic if we do not enforce the summation relation at vi and wi respectively. 


Proposition 5.5. The relative graph C*-algebras (in the sense of Muhly-Tomforde 
|MT04| ) C'*(E*, {z; 2 }) and C'*(E**, {r(; 2 , rca, iC 4 }) are isomorphic. 

Proof. Following [MT041 Definition 3.6] we define a graph 


ei 64 



Then by [MT041 Theorem 3.7] we have that C*(E*, {n 2 }) = C'*((E*){„ 2 })- Similarly 
we define a graph 


flO f? fl /4 
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Using |MT041 Theorem 3.7] again, we have that (7*(E**, {w 2 , W 3 , W 4 }) is isomorphic 
to C ((E,,:,,:) 

Both the graphs (E 4 ){„ 2 } and satisfy Condition (K). Using the 

well developed theory of ideal structure and if-theory for graph (7*-algebras, we see 
that both have exactly one nontrivial ideal, that this ideal is the compact operators, 
and that their six-term exact sequences are 

^(^ 1 )-^ ^^ ^ Z^ 0 

0 ^- 0 ^- 0 0 ^- 0 ^- 0 

Furthermore, in iFo(C'*((E 4 ){„ 2 })) we have 

[PvA = -[Pv[\ = [Pv^\, 
and in Ko{C *we have 

[Piui] “ [Piuj] “ [ 7 * 11 ) 2 ]) 

[7*11)3] = 0 = [Pu; 4 ]. 

Therefore the class of the unit is — [ 7 *^'] and —\pw'\j respectively. It now follows 
from [BD96[ Theorem 2] (see also [ERR13c1 Corollary 4.20]) that C*((E*)|„ 2 }) = 
C’''((E**){,„ 3 ^u, 3 _u,^}) and hence that C’''(E*, {U 2 }) = C'*(E„*, {ui 2 , W 3 ,R* 4 })- □ 

We also need a technical result about the projections in E = C*(E 4 ,, {u 2 })- 

Lemma 5.6. Let £ = C'*(E 4 ,, {W 2 }) o-nd choose an isomorphism between £ and 
C'*(E 4 ,*, {r(; 2 , 11 * 3 , 11 * 4 }), which exists according to the previous proposition. Letpy^^, 
Pv^, Sei, Se 2 , Ses, be the canonical generators 0 /C'*(E 4 , {i; 2 }) = £ and let p^j^, 
7 * 11 ) 2 ) 7 * 11 ) 3 ) 7 * 11 ) 4 ) Sfi> 5 / 2 ,..., s/jQ denote the image of the canonical generators of 
C'*(E* 4 ,, {w 2 , 11 * 3 , 11 * 4 }) in £ under the chosen isomorphism. Then 

SeiS*3 -I- Se2S*3 ~ Sf^S*f^ + -f Sf^S*f^, 

7*1)1 ~ (SeiSg^ + 562^62) "^7*11)1 ~ "^'®/ 2®/2 ’ 

in £, where ~ denotes Murray-von Neumann equivalence. 

Proof. By |AMP07[ Corollary 7.2], row-finite graph C*-algebras have stable weak 
cancellation, so by [MT041 Theorem 3.7], £ has stable weak cancellation. Hence 
any two projections in £ are Murray-von Neumann equivalent if they generate the 
same ideal and have the same RT-theory class. 

As in the proof of Proposition 15.51 we will use |MT041 Theorem 3.7] to realize 
our relative graph C'*-algebras as graph C'*-algebras of the graphs (E*)^^^}. and 
,^3 Denote the image of the vertex projections of C'*((E 4 ){j, 3 }.) in¬ 
side £ under this isomorphism by qy .^, q^^ > Qv' and denote the image of the vertex 
projections of (E 4 ,*){„, 2 ^u, 3 ^u, 4 } inside £ under the isomorphisms (E 4 , 4 ){u, 2 , 11 ) 3 , 11 ) 4 } — 
C*(E,, 4 ,, {w 2 ,W 3 ) W 4 }) = £ by qwi,qw 2 ,qw 3 ,qwi,qv[- Using the description of the 
isomorphism in [MT041 Theorem 3.7], we see that we need to show that q^^ ~ q^y^ 
and ~ . 

Since satisfies Condition (K) and the smallest hereditary and saturated 

subset containing wi is all of we have that qy^ is a full projection (' [BHR,S021 

Theorem 4.4]). Similarly is full. In Ko(£) we have, using our calculations from 
the proof of Proposition 15.51 that 

[^Dl] = [1] = [^IDl]- 

So by weak stable cancellation ^ . 
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Both Qyi and q^' generate the only nontrivial ideal 3 oi £ (' [BHRSO^ Theo¬ 
rem 4.4]). Since that ideal is isomorphic to the compact operators and both \qv'^ 
and {qw'] are positive generators of Kq{ 3) = Ko(K) = Z, they must both represent 
the same class in Kq(3), and thus also in Kq{£). Therefore q^'^ ~ □ 

If is a graph and we have a set of mutually orthogonal projections {pv \ v & 
and a set {se | e € of partial isometries in a C'*-algebra satisfying the relations 
of Definition 12.71 then we call these elements a Cuntz-Krieger E-family. In a graph 
E, we call a cycle 6162 • ■ • e„ a vertex-simple cycle if r{ei) ^ fifij) for all i ^ j. A 
vertex-simple cycle 6162 ■ • • e„ is said to have an exit if there exists an edge / such 
that s(/) = s(efc) for some k = 1,2,. .. ,n with ^ f. Note that in |Szy02| , the 
author uses the term loop where we use cycle. 

Theorem 5.7. Let E be a graph with finitely many vertices and let u be a vertex 
ofE. Then C*{Eu,-) = 

Proof. As above, we let £ denote the C*-algebra C*(E*, {'(; 2 }), and we choose 
an isomorphism between £ and C*(E**, {r(; 2 ,rc 3 ,rc 4 }), which exists according to 
Proposition 15.51 

Since C*{Eu.-) and £ are unital, separable, nuclear C'*-algebras, it follows from 
Kirchberg’s embedding theorem that there exists a unital embedding 

C*{Eu,-)(B£ ^02. 

We will suppress this embedding in our notation. In O 2 , we denote the vertex 
projections and the partial isometries coming from C*{Eu.-) by Pv,v € E^ _ and 
Se,e € EI^_, respectively, and we denote the vertex projections and the partial 
isometries coming from £ = C'*(E*,{u 2 }) by pi,P 2 and si, 52 , 33 , 54 , respectively. 
Since we are dealing with an embedding, it follows from Szymanski’s General Cuntz- 
Krieger Uniqueness Theorem ( |Szy02[ Theorem 1.2]) that for any vertex-simple cy¬ 
cle aia 2 • • • in E^,- without any exit, we have that the spectrum of 5 ^^ • • • Sa„ 

contains the entire unit circle. 

We will define a new Cuntz-Krieger £'u__-family. For each vertex v G E'^ we let 
qv = Pv, we let = pi and q^.^ = p 2 - Since any two nonzero projections in O 2 
are Murray-von Neumann equivalent, we can choose partial isometries xi,X 2 G O 2 
such that 


Tix* = 5di52i xlxi=pi 

X 2 X 2 = Pi - {sisl S2S*2) X2X2 =Pu- 

We let tdi = xi and = X2- Finally we let te = Se for e G E^ and put = Si for 
i = 1,2,3,4. 

By construction {q„ | u G A]) _} is a set of orthogonal projections, and {fy | 
e G _} a set of partial isometries. Furthermore, by choice of {fy | e ^ di,d2} 
the relations are clearly satisfied at all vertices other than vi and u. The choice 
of xi,X 2 ensures that the relations hold at u and vi as well. Hence {qv,te} does 
indeed form a Cuntz-Krieger family. Denote this family by <S. 

Using the universal property of graph C*-algebras, we get a =i=-homomorphism 
from C*{Eu^-) onto C*{S) C O 2 . Let 0102 • ■ • be a vertex-simple cycle in Eu^- 
without any exit. Since u is where the Cuntz splice is glued on, no vertex-simple 
cycle without any exit uses edges connected to u,vi or V 2 . Hence ta^to,,^ ■ ■ -ta^ = 
Sai Sa 2 • • • Sa„ and so its spectrum contains the entire unit circle. It now follows from 
Szymahski’s General Cuntz-Krieger Uniqueness Theorem (|Szy02[ Theorem 1.2]) 
that C*{Eu,-)=C*{S). 
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Let 21 be the subalgebra of O 2 generated by {pv | v G and E. Note that 
21 has a unit, and although it does not coincide with the unit of O 2 it does co¬ 
incide with the unit of C*{S). In fact 2t is a unital subalgebra of C*{S). Let 
us denote by {rwi,yfj \ * = l 5 2,3,4,j = 1 , 2 ,..., 10 } the image of the canonical 
generators of C'*(E**, {r(; 2 , 1 C 3 , r; 4 }) in O 2 under the chosen isomorphism between 
C'*(E**, {r(; 2 , ica, r(; 4 }) and £ composed with the embedding into 02 - By Lemma 
15.61 certain projections in £ are Murray-von Neumann equivalent, hence we can 
find a unitary 2 : € 21 such that 

zqvZ* = qy, for all v G , 

Z {teXe, + = VhVh + + yhVh^ 

Z {qv^ - (teitei + teX^)) Z* = “ {vfiVh + VhV^ + VhVh) ' 


Note that this implies that zqy^z* = 

We will now define a Cuntz-Krieger __-family in 02 - For v G we let 
Py = qy, and we let Pyj. = , for i = 1,2, 3,4. For e G U {di,d 2 }, we let 

Se = zteZ*, and we let Sf^ = yf^ for t = 1, 2,..., 10. Denote this family by P. 

By construction {Py | i; G _} is a set of orthogonal projections, and {5'e | 

e G _} a set of partial isometries. Since z is a unitary in C*(S) and since 

4 ? is a Cuntz-Krieger _-family, T will satisfy the Cuntz-Krieger relations at all 
vertices in E°. Similarly, we see that since {r^,^, j//^. | t = 1, 2,3,4, j = 1, 2,..., 10} 
is a Cuntz-Krieger (E**, {w 2 , ica, r/; 4 })-family, T will satisfy the relations at the 
vertices W 2 ,W 3 ,W 4 . It only remains to check the summation relation at wi, for that 
we compute 


E 

SE„___ (e)=wi 


= SfX% + SfX% + SfX% + 

= y/ij//i + yhy% + VhVh + 

= Z (Ei^ei + XX) z* + ztdXdX 
= z{teXe^ +teXe^ + 


= Zqy^ Z = ryy^ 


— P 


Hence T is a Cuntz-Krieger Ey^ _-family. 

The universal property of C*{Ey^ _) provides a surjective ^-homomorphism 

from C*{Ey^ _) to C*{T) C 02 - Let aia 2 ■ • • an be a vertex-simple cycle in E^,_ 

without any exit. We see that all the edges oci must be in E^, and hence we have 


* ’ ' ^ctn — Ztcii 


Z Ztn 


■ zt„ 


and so its spectrum contain the entire unit circle. It now follows from Szymanski’s 

General Cuntz-Krieger Uniqueness Theorem ( |Szy02[ Theorem 1.2]) that C*{Ey^ _) 

is isomorphic to C* (T). 

Since 2t C C*{S) and since {rwi,yfj \ i = 1,2,3,4,} = 1,2,. ..,10} G £ C 
C*{S), we have that T C C*{S). So C*{T) C C*{S). But since 21 is also contained 
in C*{T) and £ C C*{T), we have that S C C*(T), and hence C*{S) C C*{T). 
Therefore 

c*iEyX = c*i^) = c*{r) = c*(En,__). □ 


Thus we have the following fundamental result. 

Proposition 5.8. Let E be a graph with finitely many vertices, and let v be a vertex 
that supports at least two distinct return paths. Then C*{E) 0 K = C*{Ey^-) 0 K. 

Proof. By Theorem l5.7l C*{Ey^-) (g)K = C*{Ey^ _) (g)]K). By Proposition 15.21 and 

Theorem l^Tfl C'*(E)®K ^ C'*(E^ __)( 8 )K. Thus, ^^(EjOlK ^ □ 
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6. Notation needed for the proof 

6.1. Block matrices and equivalences. 

Notation 6.1. For m,n G No, we let 91l(m x n,Z) denote the set of group homo- 
morphisms from Z" to Z™. When m,n > 1, we can equivalently view this as the 
m X n matrices over Z, where composition of group homomorphisms corresponds 
to matrix multiplication — the (zero) group homomorphisms for m = 0 or n = 0 
we will also call empty matrices with zero rows or columns, respectively. 

For TO, n G N, we let 911"'" (to x n, Z) denote the subset of 911 (to x n, Z), where all 
entries in the corresponding matrix are positive. For a to x n matrix, we will also 
write B > 0 whenever B G 911"'" (to x n, Z). 

For a TO X n matrix B, where TO,n G N, we let B(i,j) denote the (i,j)’th entry 
of the corresponding matrix, i.e., the entry in the I’th row and j’th column. 

Definition 6.2. Let TO,n G N. For a to x n matrix B over Z, we let gcdB be the 
greatest common divisor of the entries B{i,j), for i = 1,..., to, j = 1,..., n, if B 
is nonzero, and zero otherwise. 

Assumption 6.3. Let A G N. For the rest of the paper, we let 7^ = {1, 2,..., A} 
denote a partially ordered set with order ^ satisfying 

i j ^ i < j, 

for alH, j G V, where < denotes the usual order on N. We denote the corresponding 
irreflexive order by 

Definition 6.4. Let m = {mi)fLi,n = {ni)fLi G Nq be multiindices. We write 
m < n if TOi < Ui for all 1 = 1, 2,..., A, and in that case, we let n — m be 
(m 

We let 911(m x n, Z) denote the set of group homomorphisms from Z"^ © Z"^ © 
• • • © Z”" to Z™! © Z™^ © • • • © Z’"'^, and for such a homomorphism B, we let 
B{i,j} denote the component of B from the j’th direct summand to the I’th direct 
summand. We also use the notation B{i} for B{i,i}. Using composition of homo¬ 
morphisms we get in a natural way a category 911 at with objects Nq and with the 
morphisms from n to m being 911(m x n,Z). Moreover, 

N 

iBC){^,J} = J2 B{i,k}C{k,j}, 

k=l 

whenever B G 911(m x n, Z) and C G 911(n x r, Z) for a multiindex r. 

A morphism B G 911(m x n, Z) is said to be in D}t'p{iLn x n, Z), if 

B{i,j} ^ 0 ^ 1 © j, 

for alH, j G 7^. It is easy to verify, that this gives a subcategory dJl-p with the same 
objects but DJt'p{iLn x n, Z) as morphisms. 

Moreover, for a subset s of V, we let — with a slight misuse of notation — 
il{s} G iXfts{{mi)i^s X denote the component of B from 0jggZ”* to 

We let 911(n, Z) denote 911(n x n,Z), and 911:p(n, Z) denote 911:p(n x n,Z). 

For n, we let GL'p(n,Z) denote the automorphisms in 911-p(n,Z). Then U G 
GLp(n, Z) if and only if 1/ G 911-p(n, Z) and U{i} is a group automorphism (meaning 
that the determinant as a matrix is ±1 whenever Ui ^ 0, for every i G V). 

An automorphism U G GL^(n,Z) is in SL'p(n,Z) if the determinant of U{i} is 
1 for all! G 7^ with ^ 0. 
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Remark 6.5. Let m,n G Nq be multiindices. Set ki = mi + ••• + mM and 
k 2 = ni + • ■ • + njv- If ki ^ 0 and k 2 ^ 0, we can equivalently view the elements 
B G 9Jt(m X n, Z) as block matrices 

B{N,N}I 

where Sjzjj} G x with B{i,j} the empty matrix if mi = 0 or Uj = 0. 

Note that from this point of view, the matrices in 9Jl-p(m x n, Z) are upper 
triangular matrices with a certain zero block structure dictated by the order on V, 
and the matrices in GL'p(n, Z) (respectively SL-p(n,1i)) are matrices in x 

n, Z) with all nonempty diagonal blocks having determinant ±1 (respectively 1). 

Note that if B € 9Jt(m x n, Z) and C G S!7l(n x r, Z) for a multiindex r, then the 
matrix product makes sense, and — as matrices — we have that 

N 

{BC){i,j}= Y. B{i,k}C{k,j}, 

kGV ,nk^0 

for all i,j aV with mi ^ 0 and rj ^ 0. 

We will therefore also allow ourselves to talk about matrices with zero rows or 
columns (by considering it as an element of DJl{m X n,Z) ); and then i?{s} for 
a subset s of V as defined above is just the principal submatrix corresponding to 
indices in s (remembering the block structure). 

Definition 6.6. Let m and n be multiindices. Two matrices B and B' in 9Jlp(m x 
n, Z) are said to be Gh-p-equivalent (respectively Shp-equivalent) if there exist U G 
GL-p(m,Z) and V G GL-p(n,Z) (respectively U G SL-p(m,Z) and V G SL-p(n,Z)) 
such that 

UBV = B'. 


B = 


(B{l,l} ... 

\B{N,l} ... 


Note that this is a generalization of the definitions in |Boy02 [BH03) (in the finite 
matrix case) to the cases with rectangular diagonal blocks or vacuous blocks. 


6.2. K-weh and induced isomorphisms. We define the iL-web, K{B), of a 
matrix B G 21t-p(m x n, Z) and describe how a GL-p-equivalence {U,V): B ^ B' 
induces an isomorphism K{u,v) '■ II{B) — > K{B'). 

For an element B G D}t{mxn, Z) {i.e., a group homomorphism B: 7N ^ Z™), we 
define as usual cokS to be the abelian group /BTN and kerR to be the abelian 
group {x G Z" I Bx = 0}. Note, that if m = 0, then cokS = {0} and keri? = Z", 
and if u = 0, then coki? = Z™ and kerB = {0}. 

For m,n G No, B,B' G 9Jl(m x n,1), U G GL(to,Z) and V G GL(n,Z) with 
UBV = B', \i \s now clear that this equivalence induces isomorphisms 


cok B 


[x]t-^[Ux] 


cokB' 


[x]i->-[V ^x] 

and ker B -^ ker B . 


Lemma 6.7. Let V — 1^2 = {1)2} be a partially ordered set and let B G dJlp{ni x 
n, Z). Then the following sequence 


H'-^[(o)] [(((,)]'^M 

cokB{l}-^ cokB-^ cokB{2} 


ker B ■ 


<l) 


is exact. 


vt-i-[A{l ,2}v] 

ker B{2} 


(o)^" 


ker B{1} 
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Moreover, if B and B' are elements o/9Jt-p(m x n,Z) and (U,V): B ^ B' is a 
Gh-p-equivalence, then {U,V) induces an isomorphism 

(C(C/{l},y{l})iC(C/.F))C(;7{2},y{2}),<5((7{l},F{l}),^(C/,y))<5((7{2},F{2})) 
of (cyclic six-term) exact sequences. 


Proof. The first part of the lemma follows directly from the Snake lemma applied 
to the diagram 


0-^ ^ Z"1 © Z”2-^ Z"2-^ 0 


B{1} 


B 


B{ 2 } 


0-^ Z™1-^ Z™1 © Z™2-^ ^ 0 


The second part of the proof is a straightforward verification. 


□ 


Completely analogous to |BH03| , we make the following definitions. 

Definition 6 . 8 . A subset c of 7^ is called convex if c is nonempty and for all k gV, 
{hj} C c and i k ^ j => k G c. 

A subset d of P is called a difference set if d is convex and there are convex sets 
r and s in V with r G s such that d = s\r and 

i G r and j G d j ^ i. 

Whenever we have such set r, s and d = s\r, we get a canonical functor from 9Jt-p 
to fXIt-pj, where 7^2 = {1)2} with the usual order if there exist i G r and j G d such 
that i ^ j, and the trivial order otherwise. Thus such sets will also give a canonical 
(cyclic six-term) exact sequence as above. 

Definition 6.9. Let B G x n,Z). The (reduced) K-weh of B, K{B), con¬ 

sists of a family of abelian groups together with families of group homomorphisms 
between these, as described below. 

For each i gV, let rt = {j G V \ j < i] and Si = {j GV \ j ^ i}. Note that if 
in the above definition is nonempty, then {i} = \ is a difference set. We let 

Imm(i) denote the set of immediate predecessors of i (we say that j is an immediate 
predecessor of i ii j -< i and there is no k such that j ^ k ^ i). 

For each i GV with ri 0, we get an exact sequence from Lemma 16.71 

( 6 . 1 ) keri?{j} cokB{ri} -G coki?{si} ^ cokB{i} 

Moreover, for every pair {i,j)GVxV satisfying j G Imm(j) and Imm(j) \ {j} 0 

is Sj C consequently we have a homomorphism 

( 6 . 2 ) cok i3{sj}— 7 > cok i7{ri} 

originating from the exact sequence above {cf. Lemma 16.71 used on the division into 
the sets , Sj and \sj). 

Set 

= {ri\i GV and 7 ^ 0} U {s* | z G T*} U {{z} | z G T’} , 

I'P = {iGV\r,^tl)}. 

The K-weh of B, denoted by K{B), consists of the families {cokB{c})^^jv 
and (ker B{i})^^j-p together with all the homomorphisms from the sequences (| 6 . 1 I) 
and (16.21) . Let B' be an element of x n',Z). By a K-web isomorphism, 

k: K{A) -g K{B), we mean families 

{4>c- cok i7{c} cok B'{c})^^jv 
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and 

{ipi: keri?{j} kerB'{j})-g^p 

of isomorphisms satisfying that the ladders coming from the sequences in K{B) 
and K{B') commute. 

By Lemma [6.71 any GL-p-equivalence (t/, V): B ^ B' induces a iL-web isomor¬ 
phism from B to B'. We denote this induced isomorphism by H(^u,v)- 

Remark 6.10. The definitions above are completely analogous to the definitions 
in [BH08) . and are the same in the case mi = Ui ^ 0 for all i € V. Note that the 
last homomorphism in (EH) is really not needed, because commutativity with this 
map is automatic. 


7. Standard form 

In this section, we prove that every graph with finitely many vertices is move 
equivalent to a graph in canonical form (see Definition EH). This will allow us to 
reduce the proof of our classification result to graphs in canonical form. In fact, we 
will do even better. We will reduce the proof of our classification result to graphs 
whose adjacency matrices are in the same block form. 

The first result of this type is the following that allows us to remove breaking 
vertices (see |BHRS02] for a definition) and regular vertices that do not support a 
loop. 

Lemma 7.1. Let E be a graph with finitely many vertices. Then E E', where 
E' is a graph with finitely many vertices such that every vertex of E' is either a 
regular vertex that is the base point of a loop or a singular vertex v satisfying the 
property that if there exists a path of positive length from v to w, then |s“^(w) n 
r“^(i(;)| = cxD. 

Proof. First we show how to modify E to get a graph with the property that if 
V is an infinite emitter, then v emits infinitely many edges to any vertex it emits 
any edges to. Let v G E^ he an infinite emitter. If there exists a vertex u G E^ 
such that v emits only finitely many edges to u, we partition s“^(u) into two 
sets, £i — {e G s“^(u) | |s“^(z;) n r“^(r(e))| < cx)} and £2 = {e G s“^(z;) | 
|s“^(u) n r“^(r(e))| = 00 }, i.e. E\ consists of the edges out of v that only have 
finitely many parallel edges. Note that since is finite, £\ is a finite set. Hence 
we can perform move (0) according to this partition, resulting in a graph F' that 
is move equivalent to E. Call the vertices v got split into vi and V 2 . In F', V 2 is an 
infinite emitter with the property that it emits infinitely many edges to any vertex 
it emits any edges to, and any infinite emitter in E that already had that property 
keeps it. On the other hand vi is a finite emitter. 

Since E^ is finite, we can do the above process a finite number of times, ending 
with a graph F that is move equivalent to E, and with the property that if v is 
an infinite emitter, then v emits infinitely many edges to any vertex it emits any 
edges to. Now we can use move (T) a finite number of times to get a graph G 
that is move equivalent to F and satisfies that for every infinite emitter v G 
and every w G G^ for which there exists a path of positive length from v to w we 
have |s“^(u) O r“^(w)| = 00 . Finally we use the collapse move (Definition 14.11) on 
each regular vertex of F that does not support a loop to produce a new graph, E' 
say, with E' G E and such that every regular vertex in E' supports a 
loop. Because of the way the collapse move adds edges this process maintains the 
property that |s“^(z;) H r“^(w)| = 00 for any infinite emitter v and any vertex w 
with a path of positive length from v to w. □ 
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Assume E satisfies Condition (K) and satisfies the conclusion of Lemma 17.11 
Then every hereditary subset of is saturated and E has no breaking vertices. 
Moreover, every ideal of C*{E) is gauge invariant. In particular, there is a lattice 
isomorphism from the ideal lattice of C* (E) to the lattice of hereditary subsets of 
with ordering given by set containment. 

Therefore, x n£;,Z) (in a canonical way) for a partially ordered 

set V = ({1,..., A^}, ^), where N is the number of points in Prim(C'*(i?)), and 
is chosen so that it satisfies Assumption 16.31 More formally we have: 

Lemma 7.2. Let E be a graph with finitely many vertices such that every vertex 
of E is either a regular vertex that is the base point of a loop or a singular vertex 
V satisfying the property that if there exists a path of positive length from v to 
w, then nr“^(iy)| = oo. Suppose E satisfies Condition (K). Then g 

Dyi-p{mE X n£;,Z), where 

nE,^ = \H^AH^o\ 

with the prime ideal corresponding to i and ^^6 maximal proper ideal of 

IfjP , and 

'mE,i = nE,i — \ {v & Elj^i \ \ v is a singular vertex in \ \. 

Note that the hereditary subsets of vertices — as usually defined for graphs, 
when we consider graph C'*-algebras — correspond to subsets 5" of 7^ satisfying 
that i < j implies that j € S whenever i € S. This is due to that fact that we 
generally do not work with the transposed matrix in this paper, since we find it 
more convenient to work with the non-transposed matrix (see also the proof of 
Theorem lll.l|l . 

We now expand on the conditions we can put on graphs. To turn AT-theory 
isomorphisms into GL-p-equivalences or SL-p-equivalences, the matrices and 
B^, must have sufficiently big diagonal blocks, this requirement is captured in ([3]) 
and ([5]) below. The positivity condition, is also critical when dealing with 
matrix manipulations. Condition ([3]) ensures that we can apply Propositions 14.41 
and 14.71 to actually do matrix manipulations. 


Theorem 7.3. Let E be a graph with finitely many vertices that satisfies Con¬ 
dition (K). Then there exists a graph E' with finitely many vertices such that 
E E' and E' satisfies the following properties: 

(1) every vertex of E' is either a regular vertex that is the base point of a loop 
or a singular vertex v satisfying the property that if there exists a path of 
positive length from v to w, then |s“^(u) n r“^(r(;)| = oo; 

(2) for all regular vertices v, w of E' with v > w, there exists a path in E' from 
V to w through regular vertices in E; 

(3) mE',i > 3 whenever there exists a cycle in the graph 



fjE' 
-^ 2,0 ’ ' 


-1 




tE'\ 


r, s) ; 


(4) if i ^ j nnd B^,{i,j} is not the empty matrix, then B*^,{i,j} > 0; and 

(5) if B^,{i} is not the empty matrix, then the Smith normal form of B*^,{i} 
has at least two 1 ’s. 


Proof. Lemma [TTT] lets us find a graph F such that F E and F satisfies ([T]). Us¬ 
ing the same technique as described in the proof Proposition 15.11 we can guarantee 
that F also satisfies ©. 

Suppose now i is such that mp.i < ^ and there exist a cycle in 


«i \ ^^0, \ Hi,) n A s) , 
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We want to reduce to the case where mp^i = 2. 

If mp^i = 0 then all the vertices in \ H[q are infinite emitters. Since the 
subgraph has a cycle and F satisfies ([1]) each of the vertices in \ supports 
an infinite number of loops. By using move (0) to split two loops of an infinite 
emitter, we get a graph F' that is move equivalent to F, satisfies o and © and 
where mp'^i > 0. Hence we may assume that 1 < mp^i < 3. 

If mp^i = 1 there are two cases. Case one is that \ Hf^ only consists of one 
vertex. In this case, that vertex must support at least two loops (since F satisfies 
Condition (K)) and we can use move (0) to split the vertex in to two, thus giving 
us a move equivalent graph, F', that satisfies © and (HI and where mF',i = 2. The 
other case is that \ Ilfg also contains an infinite emitter. The regular vertex 
V has to emit at least one edge to one such infinite emitter w. By the construction 
of \ H^q w must emit an edge to v, and therefore we can use column addition 
(Proposition 23]) to add the ic’th column of Bf’ into the u’th column. The result 
will be a graph F' that satisfies o and (HI and where v supports at least two loops. 
Outsplitting, as in case one, we reduce to the case where mp^i = 2. 

Suppose now that mp^i = 2. Then there are two regular vertices u,v € \ ^ifo 

and there is at least one edge from u to v and at least one from v to u. Hence we 
can add the u’th column of into the u’th, using Proposition 14.41 to ensure that 
u supports at least 2 loops. We can now use move (0) to outsplit u, by dividing 
the outgoing edges into two in such a way that each partition has a loop, to yield 
a graph move equivalent to F that satisfies o, m and (HI- Hence we can assume 
that F also satisfies ®. 

By (HI each nonempty diagonal block of B^ will have a nonzero entry. Hence 
we may use row and column additions (Propositions 14.71 and 14.411 , which are legal 
because of ©, to make sure that all entries in the diagonal blocks are nonzero. 
Then we can use column addition to guarantee that all offdiagonal blocks (that are 
not forced to be zero by the block structure) are strictly positive. Since adding 
rows and columns together will keep conditions o, m and ®, we may assume 
that F also satisfies 

Note, that by the above reasoning, we can assume that any entry in B^ is not 
only positive, but greater than or equal to any natural number we see fit. Hence, 
for each i with B^ji} nonempty, we can find a regular vertex, v say, in Flf^ such 
that V emits at least 4 edges to each vertex v reaches. Partition the outgoing edges 
of V into two sets in such a way that each partition contains at least one edges to 
each vertex v can reach, and at least two loops. Let di be the number of loops 
in the first partition, and let d 2 be the number in the second (then di + ^2 = d). 
Outsplitting according to this partition will yield a graph F' such that F F' 
and F satisfies O, @, @ and (I3|. B^,{1} will contain the following two rows 
(corresponding to the vertices v was split into) 

— 1 di =1 = 1 = 

\ d2 d2 — 1 * * 

where the asterisks can be any positive numbers, with mpi = mp^i + 1. Repeating 
this process we can increase the size of the relevant block so much that the Smith 
normal form must contain at least two I’s. 

Continuing in this fashion for each diagonal block we can construct E' such that 
E E' and E' satisfies dH, (H|, ®, @ and (H|. □ 

Remark 7.4. Suppose that E is a graph with finitely many vertices that satisfies m 
and {3) of Theorem \7.S[ Then E satisfies Condition (K). Moreover, if Hfi\F[fQ = 
{ui}, then either Vi is an infinite emitter that does not support a cycle or is a sink. 
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Remark 7.5. Let E be a graph with finitely many vertices that satisfies Condi¬ 
tion (K). It follows from the proof of Theorem, 1 7. ,‘jl that if E satisfies (QJ), and 
m from the theorem, then there exists a graph E' that is move eguivalent to E and 
satisfies m, m, m and W’ furthermore and have the same block form 
and are SC-p-equivalent. 

Since the Smith normal form of a matrix is invariant under SC-equivalence E' 
will satisfy condition if E does. 

Definition 7.6. A graph E with finitely many vertices is in canonical form if E 
satisfies the properties (HI), ([2), ([2]), (01), and ([2 of Theorem 17.51 A pair of graphs 
(E, E) with finitely many vertices are in standard form if E and F are in canonical 
form with m^; = and n^ = n^. 

The notion of a standard form is of course only useful if we can assume that 
our graphs have the standard form, the next proposition shows that we can indeed 
assume that, if the corresponding C*-algebras have isomorphic ordered reduced 
filtered AT-theory. 

Proposition 7.7. Let there be given graphs Ei and E 2 with finitely many vertices. 
If YVL^{C*{El)) = FK^(C'*(A 2 )), then there exists a pair of graphs (^ 1 ,^ 2 ) with 
finitely many vertices such that the pair {Ei, E 2 ) is in standard form and Ei Fi- 

Proof. It follows from Theorem 17.51 that we can find graphs Gi , G 2 such that 
Gi '^M Ei and Gi are in canonical form, f = 1,2. The AT-theory condition gives 
a specific isomorphism between the primitive ideal spaces of C*{Ei) and C*{E 2 ), 
hence B^^ and B^^ can be chosen to have the same same block structure according 
to this isomorphism. Furthermore, the number of singular vertices in \ 
is determined by its A'-theory, since C*{Hf^ \ Llf^) is simple (see |S0rl5[ Lemma 
9.2]). The same holds for E 2 so nEi,i = nE 2 ,i A ^ad therefore 

«Gi.j - WGi.j = «G 2 .i - mG 2 ,i for all i. 

The only potential problem is now that the we may not have RGi.i = ^ 02,1 for 
all i. Since all the entries in B^^ are positive, unless forced to be zero by the block 
structure, we may use row and column additions to ensure that all nonzero entries 
in Bq^ are at least 4. Similarly we can assume that all nonzero entries of Bq^ are 
at least 4. So if nci.i < riG 2 ,i for some i, we can use an outsplit (similar to what is 
described at the end of the proof of Theorem 17.51) to grow nci.i by 1 while keeping 
it in canonical form. Proceeding this way, we construct graphs Fi , F 2 in canonical 
form such that Fi Ei, F 2 E 2 and rfi,! = R.F 2 ,i for all i. Since we also have 
riFi.i ~ nT'Fi.i = RF2,i ~ fnF2,i we must have = 'niE2,i for all i. □ 

When E is in canonical form, the rows of B^ that are removed to form B^ either 
have all entries equal to 0 except on which is —1, this is in case the corresponding 
vertex is a sink, or it only contains 0 and 00 , in case it is an infinite emitter. It 
therefore follows from Proposition 14.41 and Remark 14.51 that adding one column in 
Bg into another will preserve move equivalence, so long as it maintains the block 
structure and similarly for rows by ProDOsition l4.7l and Remark l4.81 Hence we have: 

Corollary 7.8. Let E be a graph with finitely many vertices and suppose that E 
is in canonical form. In B^ we can add column I into column k without changing 
the move equivalence class of the associated graph if the diagonal entry of column I 
is in block i, the diagonal entry of column k is in block j and i j. Similarly can 
add row I into row k without changing move equivalence class if the diagonal entry 
of row I is in block i, the diagonal entry of row k is in block j and j fi^i. 

For the results in Section [5] we need a final refinement of our standard form, we 
also need the diagonal blocks of B^ to have has greatest common divisor 1. We 
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achieve this in the next proposition by making sure that each diagonal block has 
an entry that is equal to 1. 

Proposition 7.9. Let there be given graphs Ei and E 2 with finitely many vertices. 
//FK^(C'*(i?i)) = FK.ij^{C*{E 2 )), then there exists a pair of graphs (^1,^2) with 
finitely many vertices such that the pair (^1,^2) is in standard form, Ei Fi 
and each nonempty diagonal block contains a 1. 

Proof. By Proposition 1 7. 71 we can find Fi, F 2 satisfying the conclusion of the propo¬ 
sition, except for the last condition. As in the proof of Proposition 17.71 we may use 
row and column operations to ensure that all nonzero entries of and B^^ are at 
least 4. For each nonzero diagonal block, we will now do an outsplit similar to what 
is described at the end of the proof of Theorem l7.31 where we find a regular vertex, 
V say, that supports at least two loops. Partition the outgoing edges of v into two 
sets in such a way that each partition contains at least one edges to each vertex v 
can reach, but we also insist that one partition only contains two loops. Let di be 
the number of loops in the first partition, and let c?2 be the number in the second 
(then di + d 2 = d). Our assumption forces either di or d 2 to be 2, for simplicity let 
us say that di = 2. As noted in the proof of Theorem 17.dl in the resulting graph, 
the diagonal block will contain the rows 



Hence it contains a 1. Doing this for all nonzero diagonal blocks yields the desired 
graphs. □ 


8. Generalization of Boyle-Huang’s lifting result 

We aim to prove Theorem 18.121 which says that — in certain cases — every 
iF-web isomorphism is induced by a GL-p-equivalence. This is the main result of 
this section. To prove Theorem 18.121 we first strengthen |BH03[ Theorem 4.5]. The 
following theorem is a classical well-known theorem, cf. |New72l Section 11.15]. 

Theorem 8.1 (Smith normal form). Suppose B is an m x n matrix over Z. Then 
there exist matrices U € GL(m, Z) and V G GL(n,Z) such that the matrix D = 
UBV satisfies the following 

• D{i,j) = 0 for all i j, 

• the min(m, n) x min(m, n) principal submatrix of D is a diagonal matrix 

diag(di,d2 ,---,dr, 0 , 0 , ...,0), 

where r G {0,1,..., min(TO, n)} is the rank of B and di,d 2 ,... ,dr are pos¬ 
itive integers such that di\di.\.i for i = l,...,r — 1. 

For each matrix B, the matrix D is unique and is called the Smith normal form of 
B. 


We now recall some terminology that was introduced in |BH03] . 

Definition 8.2. Let B be an element of 9Jl(m x n, Z). A GL self-equivalence of 
H is a GL-equivalence ([/, V): B ^ B. We say that an automorphism (f of cokH 
is GL-allowable if there exists a GL self-equivalence, {U,V), of B such that the 
isomorphism K(u,v) induces (p. 

Lemma 8.3. Let B be an m x n matrix over 1, and let U G GL(m, Z) and 
V G GL(n,Z) be given invertible matrices. ThengcdB = gcd{UBV). In particular, 
if D is the Smith normal form of B, then gcdB = D{1, 1) = di. 
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Proof. We may assume that B ^ 0. Let d be a positive integer. Then 
d divides all entries of i? Vi, j : d\ef Bej 

d\x^By 

Vx e Z™, 1 / e Z” : d I x^UBVy 
d\eJUBVej 

d divides all entries of UBV. 

Now the lemma follows. □ 

Remark 8.4. Let B be anmxn matrix over'L. Then it follows from the above, that 
m is greater than the number of generators of cok B according to the decomposition 
from the Smith normal form into direct sums of nonzero cyclic groups if and only 
ifgcdB = 1. 

Boyle and Huang show in their paper |BH03) the following fundamental theorem. 

Theorem 8.5 f |BH03[ Theorem 4.4]). Let B be a n x n (square) matrix over a 
PID TZ, and let 5 = gcdB. Let cj) be an automorphism of cok B, and let M be any 
n X n matrix over TZ defining (p, i.e., (^([a:]) = [Mx] for all x G IP . 

Then det(M) = 1 (mod S) if and only if there exist n x n matrices U and V 
over TZ with determinants 1 such that UBV = B and U is defining cj). 

Then det{M) = u (mod 5) for some unit u in TZ if and only if there exist n x n 
invertible (GL) matrices U and V over TZ such that UBV = B and U is defining 
P. 

Remark 8.6. As we will see, it is possible to generalize the part about Gh-allowance 
in this theorem to rectangular matrices, the analogous statement to the part about 
Sh-allowance in Theorem ESI does not hold in general (for rectangular matrices). 
If we consider the matrix 



and the automorphism — id on cokB = Z/3 © Z induced by the matrix 



it is easy to see that we get a counterexample. 

Although it can be done, we do not investigate this further, since for our purposes 
we do not need to know when automorphisms can be lifted to Sh-equivalences. 

In |BH03| there is the following useful theorem. Note that all nfs are assumed 
to be nonzero in |BH03| . 

Theorem 8.7 1 [BH031 Theorem 4.5]). Suppose B and B' are matrices in 9It-p(n, Z) 
with corresponding diagonal blocks equal, and k: K{B) K{B') is a K-web iso¬ 
morphism. Then there exist matrices U,V G GL(n,Z) such that we have a GL-p- 
equivalence (U, V): B ^ B' satisfying H{uy) = k if and only if each of the auto¬ 
morphisms di'. cokB{i} —>■ cokB'{i} defined by k is GL-allowable. 

Together with |BH03[ Theorem 4.4] (see Theorem 18.51 above), this gives us the 
following useful corollary. 

Corollary 8.8 f |BH03[ Corollary 4.7]). Let B and B' be matrices in fDtp(n,Z) 
with gcdRji} = 1 = gcdH'ji} for all i G 'P. Then for any K-web isomorphism 
k: K{B) —> K{B') there exist matrices U,V G GL(n,Z) such that we have a GLp- 
equivalence (U, V): B ^ B' satisfying = n. 
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But even more is true. We can generalize [BH031 Theorem 4.4 (and Proposi¬ 
tion 4.1)] (c/. Theorem 18.511 as follows (we here only consider the case 72. = Z). 

Theorem 8.9. Let B be a n x n (square) matrix over 1, and let S = gcdB. Let 
(j) be an automorphism o/cokB, let tjj be an automorphism of her B, and let AL be 
any n x n matrix over Z defining (f>, i.e., <^([a;]) = [Mx\ for all x S Z". 

Then det(M) = ±1 (mod S) if and only if there exist n x n invertible (GL) 
matrices U and V over Z such that UBV = B and U is defining (j) and V~^ is 
defining ip. 

Proof. The only thing that does not follow from |BH031 Theorem 4.4] is that we can 
choose the GL-equivalence (77, V) such that it also induces the right automorphism 
on kerS. For this, it is clear that we may assume that B is its own Smith normal 
form (just like in the proof of [BH031 Theorem 4.4]). We use [BH031 Theorem 4.4] 
to get a GL-equivalence {U,V): B ^ B that induces (p on cokB. The matrix 
V~^ induces an automorphism ip' of kerB. Now we will find a GL-equivalence 
(/, V): B ^ B that induces ipoip'~^ on ker B — then ({7, VV) is a GL-equivalence 
that induces (p on cokB and ip on keri?. Now, the automorphism ipoip'~^ on ker 77 
uniquely determines what V'~^ should be on the lower right block matrix (where 
we write the matrices as 2 x 2 block matrices according to the nonzero respectively 
zero part of the diagonal of 77). Let V'~^ be the block diagonal matrix that has 
this matrix as lower right block matrix and the identity as the upper left block 
matrix. □ 

Now we let 

P niin — \i ^ P j ^ i i — j\' 

Using the above result, we get the following stronger version of Theorem 18.71 

Theorem 8.10 (Strengthening of |BH031 Theorem 4.5]). Let n = {ni)i^-p be 
a multiindex with ni ^ 0, for all i G P. Suppose 77 and 77' are matrices in 
9H-p(n, Z) with corresponding diagonal blocks equal, and k: K{B) —^ K{B') is a 
K-web isomorphism. Suppose that for each i G Pmim we have an automorphism 
ipi'. ker77{i} —^ ker77{7}. Then there exist matrices U,V € GL(n,Z) such that we 
have a GL-p-equivalence (U,V): B ^ B' satisfying n^u.V) = ^ */ o,nd only if each 
of the automorphisms di'. cok77{7} —>■ cok77'{7} defined by n are GL-allowable — 
moreover, the Ghp-equivalence can always be chosen such that V~^{i} induces ipi 
for each i S Pmin. 

Proof. The only thing that does not follow from |BH03i Theorem 4.4] (c/. Theo¬ 
rem [S2D, is that we can choose the GL-equivalence {U,V) such that it also induces 
the right automorphisms on ker77{*}, i € Pmin- We choose a GL-p-equivalence 
{U, V) according to Theorem 18.71 so that it induces the given 7L-web isomorphism. 
For each i € Pmim this gives an automorphism -0' of ker77{i}. Now choose GL- 
eqivalences (/, U/) of B{i} according to (the proof of) Theorem 18.91 so that 17'“^ 
induces ipi o ip'~'' for each i € Pmin- Let V be the block matrix that is the identity 
matrix everywhere except that V{i} = V( for every i € T’min- It is straight forward 
to verify that (I, V) is a GLp-equivalence from 77' to 77', and that (77, VV) induces 
exactly what we want. □ 

Together with [BH031 Theorem 4.4 (and Proposition 4.1)] (see Theorem 18.51 
above), this gives us the following stronger version of Gorollarv l8.8l 

Corollary 8.11 (Strengthening of [BH031 Corollary 4.7]). Let n = {ni)i^p be a 
multiindex with ni ^ 0, for all i gP. Suppose 77 and 77' are matrices in 971^(11, Z) 
with gcd77{i} = 1 = gcd77'{7} for all i G P. Then for any K-web isomorphism 
k: K{B) —^ K{B') together with automorphisms ipi'. ker77{i} —>■ ker77{7}, for 
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i G T^minj there exist matrices U,V € GL(n, Z) such that we have a GL-p-equivalence 
(U, V) \ B ^ B' satisfying K(u,v) = k and V~^{i} induces tfi for each i € Vmin- 

The following theorem is the main result of this section, and allows us — in 
certain cases — to lift K-web isomorphisms to GL-p-equivalences for rectangular 
cases. Although it is possible to prove this directly, imitating the proof in [BH03] . 
the present proof is much shorter and reduces the rectangular case to the square 
case and uses the results from |BH03| . 

Theorem 8.12. Let m = = {ni)i^p € (Nq)'^ be multiindices. Suppose 

B and B' are matrices in 9Jlp(m x n,Z) with gcdi?{i} = 1 = gcdi?'{*} for all 
i G V with mi ^ 0 and m ^ 0. 

Then for any K-web isomorphism k: K{B) —>■ K{B') there exist matrices U € 
GL(m, Z) and V G GL(n, Z) such that we have a GLp-equivalence {U, V): B ^ B' 
satisfying k,{u,V) = 

If, moreover, we have given an isomorphism ipi: keri?{i} —>■ keri?'{i}, for every 
i G then we can choose the above GLp-equivalence (U,V) such that — in 

addition to the above — also V~^{i} induces the ifi, for all i G Vmin- 

Proof. For each i G V, choose Ui,Ul G GL(mi,Z) and Vi,Vt G GL(ni,Z) such 
that Di = UiBVi and £>' = U'B'Vf are the Smith normal forms of B and B', 
respectively (c/. Theorem 18.II) . Let U, U' G GL(m,Z) and V, V G GL(n, Z) be the 
block diagonal matrices with Ui, 17', Vi and Vf in the diagonals, respectively. 

Then UBV and U'B'V' are in VJlp{ni x n,Z) and {U,V): B —>■ UBV and 
{U, V): B' ^ U'B'V' are GL-p-equivalences inducing AT-web isomorphisms K ((7 y) 
from Ar(i?) to K{UBV) and from K{B') to KfU'B'V), respectively. More¬ 

over, Lemma 18.31 ensures that we still have gcd{UBV){i} = 1 = gcd{U'B'V'){i}. 
Thus we can without loss of generality assume that each diagonal block is equal 
to its Smith normal form. Also note, that because we have a AT-web isomorphism 
from K{B) to K{B'), now the diagonal blocks are necessarily identical. 

Let r be such that Vi = max(mi,Ui) for all i G V. Let, moreover, C,C' G 
fOtp (r, Z) denote the matrices B and B' enlarged by putting zeros outside the 
original matrices. Define r'^ and by = max(pi—rui, 0) and r^ = max(mi—rii, 0) 
for all i G V. In the (reduced) AT-web we are considering the modules Cc{B) = 
cokB(c) where c is {*}, {j G V: j i} ^ ^ or {j G V: j < t} ioi i G V — and 
similarly for B'. It is clear that when we consider C and C we just add onto these 
cokernels 

jec 

and that the maps between the modules are the obvious ones. Similarly for the 
modules Kd{B) = kerB((i) where d is {i} where {j G V: j -< i} ^ $ — and 
similarly for B'. It is clear that when we consider C and C we just add onto these 
kernels 

ITU 

where d = {i}. And connecting homomorphism will be the zero maps. 

Thus we can extend the isomorphism n to an isomorphism k : K(C) K(C) by 
setting it to be the identity on the new groups. By Gorollarv 18.81 we see that there 
exist matrices U,V G GL(r,Z) such that we have a GLp-equivalence ([/, V): C ^ 
C satisfying K(u,v) = We may (according to Theorem l8.11|) actually assume that 
{U,V) induces ipi plus the identity on the new summands of kerBji} for i G Vmin 
as well. 

Now let us look at the i’th diagonal block. We now want to cut U and V down 
to match the original structure. Naturally there are three cases to consider. The 
first one, = Ui is trivial. 
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Now consider the case nii < rii. In this case, cokCji} = cok_B{i}©Z"* and 
kerCIi} = keri?{I} — and similarly for B' and C'. We write C{i} = C'{i\ as 

/C-oo 0 0\ 

0 0 0 , 

\ 0 0 0/ 

where Coo is an invertible matrix over Q and the last diagonal block has size (rij — 
rrii) X {m — rrii). We write U and V as 

/Cli Ui 2 C/i 3 \ /Vii Vi 2 143 \ 

I U 21 U 22 C23 I and I V21 V22 V23 I , 

VC/31 C/32 C/33/ V ^31 1/32 1/33/ 

according to the block structure of C{i} (and C'{i}). 

The condition 

UCV = C 

implies that 


C/iiCool /11 = Coo, C/,iCool/i, = 0, for all (I, j) ^ (1,1). 

Since Coo is invertible as a matrix over Q, we see that also C/n and Vii have to be 
invertible over Q. Thus V 12 = 0, V 13 = 0, C /21 = 0, and C /31 = 0. Moreover, since 
we have to get the identity homomorphism on the new direct summand, we need 
to have C /33 = -C? C /23 = 0 and C /32 = 0. So now let C/o be the block matrix where we 
erase the rows and columns corresponding to change the size of the z’th diagonal 
block from x to rrii x rrii — call the new size r'. Moreover, we let Co and Cg be 
the block matrices where we erase the rows corresponding to change the size of the 
z’th diagonal block from x Vi to rrii x rii. Note that the z’th diagonal block now 
is the matrix (). This is a GL matrix that induces the right automorphism 
of cokSjz}. Moreover, clearly UQ{i}B{i}V{i} = B{i}. But more is true. We 
have that Uq is a GL(r',Z) matrix and that UoCqV = Cq and the induced K-web 
isomorphism agrees with the original on all parts except for the direct summands 
we cut out. 

Now consider instead the case rrii > ni. In this case, cokC{z} = cokSjz} 
and kerCjz} = keri3{z} © j/ni-ui — similarly for B' and C'. We write 
C{z} = C'{z} as 

/Coo 0 0\ 

0 0 0 , 

V 0 00 / 

where Cqo is an invertible matrix over Q and the last diagonal block has size (rrii — 
m) X (rrii — rii). We write U and V as 

/C /11 C /12 C/i 3 \ /Cll V 12 Mi3\ 

I c /21 c /22 c /23 I and I V 21 V 22 V 23 I , 

VC /31 C /32 C/ 33 / VC 31 1/32 V 33 / 

according to the block structure of C{z} (and C'{z}). 

The condition 

UCV = C 

implies that 


C/iiCool /11 = Coo, UnCooVij = 0, for all {i,j) ^ (1,1). 

Since Cqo is invertible as a matrix over Q, we see that also Uu and Vii have to be 
invertible over Q. Thus 1^2 = 0, V 13 = 0, C/21 = 0, and C/31 = 0. 

Moreover, since we have to get the identity homomorphism on the new direct 
summand, we need to have V33 = I, V23 = 0 and V32 = 0. So now let Vq be the 
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block matrix where we erase the rows and columns corresponding to change the size 
of the j’th diagonal block from x to rii x rii — call the new size r'. Moreover, 
we let Co and Cq be the block matrices where we erase the rows corresponding to 
change the size of the z’th diagonal block from x to miXrii. Note that the *’th 
diagonal block now is the matrix (). This is a GL matrix that induces the 
right automorphism of keri?{i}. Moreover, clearly U{i}B{i}Vo{i} = B{i}. But 
more is true. We have that Vb is a GL(r',Z) matrix and that UCqVo = Cg and 
the induced K-weh isomorphism agrees with the original on all parts except for the 
direct summands we cut out. 

Induction finishes the proof. □ 

9. GLp-EQUIVALENCE TO SLp-EQUIVALENCE 

In this section we are concerned with Step 3 in our proof outline in Section [3] of 
the proof of (|3]) implies (HJ in Theorem 13.11 It is of course not true in general that 
any two GL-p-equivalent matrices will be SLp-equivalent, so we will need to alter 
our matrices. Our first step in that direction is to create a little more room. 

Lemma 9.1. Let E be a graph with finitely many vertices and suppose 

/A X Y\ 

Bp = 0 B z] 

\0 0 cj 

where B is an n x n matrix with entries from No U {oo} for some n > 2 and the 
entries of rows n—\ and n of B are positive integers and the vertices corresponding 
to these two rows are regular vertices of E. 

Then there exists a graph E' such that E '^m E' , and 

(A X' Y'\ 

Bp, = 0 B' Z' 

\0 0 C) 

with B' an (n -|- 2) x (n -|- 2) matrix with entries from No U {oo} and there exists 
V € DJl(n + 2, Z) with det(G) = 1 such that 

(Ao Xb yo'\ (I 0 0\ (Ao X" ToX 

0 B'^ Z'A\q V q\ = \q B'f zA 

Vo 0 CoJ \0 0 ij Vo 0 CoJ 

where 


i 

(Ao 

^0 


\ j 

(Ao 

^0 



0 

Bo 

^0 

Bl;, = 

0 

B'o 

k] 

\ 

^0 

0 

Co 

' \ 

Vo 

0 

Co 


X" = (Xo 0) , B'f = , and Z'f = . 

Moreover, if E satisfies the property that for all v,w € ^reg with v > w, there 
exists a path in E from v to w through regular vertices in E, then E' also satisfies 
the same property. 

Proof. Let v be the vertex in E corresponding to the entry B{n — \,n — 1 

and w be the vertex in E corresponding to the entry B(n, n) -I-1. Outsplitting the 
vertices v and w with respect to the partitions s“^(u) = {e} U \ (ej) where 

r(e) = V and s~^{w) = {/} U (s“^(w) \ {/}) where r(/) = w, we get a graph E 
such that E F. 
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Let Xi and Bi be the column vector of X and B, respectively, that corresponds 
to the wth-column of and let X 2 and B 2 be the column vector of X and B, 
respectively, that corresponds to the wth-column of B^;. Then 

/A X' Y\ 

Bf = 0 B Z'j 

\0 0 cj 

where X' = (X Xi X 2 ), Z' = 

/ B-J Bi B 2 \ 

i 3 = 0---0 1 0 0 0 , 

\0 0 0 1 0 0 / 


where J is the matrix that is zero in all entries except the last two diagonal entries 
which are 1. These account for the loops v and w lost when we did the outsplit. 
We can now use row additions fCorollary 14.61) . adding the last row of B into the 
third last and the second last into the fourth last, to get a graph E' such that 
E' F E and where 


where 


(A X' Y\ 
Bij, = 0 B' Z'\, 

\0 0 cj 


( B Bi B2\ 

B '= 0---0 10 0 0 

\0 0 0 1 0 0 j 


Let Xq be the matrix obtained from Xq by replacing the [n — l)’st column of X'^ 
and the n’th column of X'^ by the zero column and let Bq be the matrix obtained 
from Bq by replacing the (n — l)’st and the n’th column of Bq by the zero column 
but keeping that last two rows intact. Consider the matrix 


/ ^0 Xq Yq \ 
0 Bq Z' q ] 
Vo 0 Co/ 


Let Vi G 9Jt(n + 2, Z) be the matrix obtained from In +2 by switching the (n — l)’st 
and the (n+l)’st columns and let V 2 G 91t(n+2, Z) be the matrix obtained from In +2 
by switching the n’th and the (n + 2)’nd columns. Then det(Vi) = det(y 2 ) = —1 
and 

(Aq Xq Yq\ (I 0 0\ (Aq X” Yq\ 

0 Bq Z[, \ [0 ViV 2 0 ] = { 0 B- z- . 

Vo 0 Co/ Vo 0 ij Vo 0 Co/ 

As in the proof of Proposition 15.21 we let j) denote the elementary matrix 
that is equal to the identity matrix everywhere except for the (i,_;/)’th entry, that is 
1. Let V 3 = E(^n+i,n-i) G 91t(n + 2, Z), and let V 4 = Ef^n+ 2 ,n) € 91l(n + 2, Z). Then 
det(V 3 ) = det(V 4 ) = 1 and 

[Aq Xq Yq\ f I 0 0\ /Aq X'q Yq\ 

0 Bo 0 P 3 V 4 0 = 0 B'q Z'q] . 

Vo 0 Co/ Vo 0 l) Vo 0 Co/ 
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Set V = Vf^Vf^ViV 2 . Then 

/Ao X' To\ // 0 0\ /Ao X" yo\ 

0 Z' 0 F 0 = 0 B[; Z'' . 

Vo 0 CoJ \o 0 ij Vo 0 ^o/ 

Since det(Vi) = det(V 2 ) = —1 and det(V 3 ) = det(V 4 ) = 1, we have that det(F) = 1. 

For the last part of the lemma, let vi and V 2 be the two additional vertices 
obtained from the outsplitting. It is clear that if v,w € such that v > w in 
E', then v > w in E. Thus, there exists a path in E' from u to w through regular 
vertices of E'. Suppose v € E^^^ and v >Vi. Then by the dehnition of outsplitting 
and by the assumption on E, there exists an edge e in E' such that r(e) = Vi, 
s(e) € -Ereg, and v > s(e). It is now clear that there exists a path in E' from v to 
Vi through regular vertices of E'. Suppose Vi > v with v € Ej^^g. By the definition 
of the outsplitting, there exists a path a = ai ■■ ■ am in E' such that s(q;i) = Vi, 
r(am) = V, 'r{ai) € E^^g, and r(ai) > Vi. Since r(Q;i) > Vi and Vi > v, we have 
that r(ai) > v. By the previous cases, we have that there exists a path in E' from 
r(ai) to V in E' through regular vertices in E'. Hence, there exists a path in E' 
from Vi to V through regular vertices in E'. For the pair {vi,V 2 ) this is clear by 
construction. □ 

We now connect the space we have created to our method of changing signs, i.e. 
the Cuntz splice. 

Lemma 9.2. Let E be a graph with finitely many vertices such that 

/A X Y\ 

Bb = 0 B z] 

Vo 0 cj 

where B is an n y- n matrix with entries from No LI {oo} for some n > I and the 
entries of row n of B are positive integers and the vertex v corresponding to this 
row is a regular vertex of E. Let E^^- be the Cuntz splice of E at the vertex v. 
Then det(C/) = 1, det(lL) = —I, and 

fl 0 0\ /Ao (X_)o Yo \ fl 0 0\ /Ao X" FoX 

0 U 0 0 (H_)o (F_)o 0 F 0 = 0 Z" 

Vo 0 // Vo 0 Co J \o 0 ij Vo 0 CoJ 

where 

(Ao Xo Yo\ 

= 0 Bo Zo , 

Vo 0 Co/ 

X'^ = {Xo 0), So = (^° cind 

V = F 1 F 2 where Vi is the matrix obtained from In +2 by subtracting the (n + 2) ’nd 
column from the n ’th column and V 2 is the matrix obtained from In +2 by switching 

the (n + 1) ’st and (n + 2) ’nd columns, and U is the matrix obtained from Im +2 by 

subtracting the (to+ 2 ) ’nd row from the m’th row, with m being the number of rows 
of Bo. 


Proof. The proof of the lemma is just a simple matrix computation using that the 
row operations to get Lf only involve regular vertices of E^-, and is left for the 
reader. □ 
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The next proposition will be our first step in going from a GL-p-equivalence to 
an SLp-equivalence. The idea is to alter our graphs in such a way that their B* 
matrices are GLp-equivalent, say by {U, V), but where all the diagonal blocks of U 
have determinant one. Thus moving all our problems to V. 


Proposition 9.3. Let Ei and E 2 be graphs with finitely many vertices such that 
{Ei^E^) is in standard form. Suppose (17i,Vi): —>■ B^^ is a Gh-p-equivalence, 

where Ui G GLp(m, Z), Vi G GLp(n, Z), m = (toi, ..., WAr) and n = (ni,..., uat). 
If, for some i, mi 7 ^ 0, det(17i{z}) = —1, then there exist graphs Fi and E 2 
with finitely many vertices and there exist U 2 G GLp(m', Z), V 2 G GLp(n',Z), 
where m' = (toi, ..., mi_i, Wi -I- 2 , Wi+i,..., WAr) and rf = (ni,... ,ni-i,ni -\- 
2 , Ui+i ,..., um), such that 


• Ek Fk, k = 1, 2; 

• (Fi,F 2 ) is in standard form; 

• U2B’p^V2 = 

• det(172{j}) = 1, det(V 2 {*}) = — det(Pi{*}); and 

• det(C/ 2 {j}) = det(17i{j}) and det(P 2 {j}) = det(bi{j}) for all j ^ i. 


(A, 



[A 2 

A 2 

r 2 \ 

Proof. Write Bp as 0 

Bi 

zA 

and write Bp as 0 

B 2 

Z 2 , where 

VO 

0 

cj 

\o 

0 

C 2 


Bk = Bp^{i}. Apply Lemma liO to both A^’s to yield graphs E^. and matrices Vf. 
Define U G GLp(m,Z) by 


U{r,s} 


fUiii} 0 0\ 


0 0 1 

if (r,s) = {i,i) 

VO 10; 


{Ui{r,i} 0 0) 

if (r,s) = {r,i),r^ i 

(Ui{i,s}\ 



if (r,s) = {i,s),s 7 ^ i 

0 / 


Ui{r,s} 

otherwise 
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0 

'’1 

1- 


V( 


r 

\0 

0 

I 

' \ 


_ 0 0 ^ _ 

and set = | 0 ¥[ 0 | | 0 0 | where V is the matrix defined by 

yO 0 Ij 

' fVi{i} 0 0^ 

0 0 1 I if (r, s) = {i, i) 


V{r, s} = < 


\ 0 1 Oy 

{Vi{r,i} 0 o) ii[r,s) = {r,i),r^i 


0 

V 0 

Vi{r,s} 


if (r,s) = {i,s),s^ i 


otherwise 


Note that V G GL'p(n,Z). 

By Lemma I^TTl we have that 


UB%V = B%. 


Note that det(y{i}) = — det(Vi{j}), det([/{z}) = 1, and det{U{j}) = det(?7i{j}) 
and det(y{j}) = det(Vi{j}) for all j ^ i. Since Ek is in canonical form, we have 
that for every vertex v,w G (-Efc)reg with v > w, there exists a path in from v tow 
through regular vertices in E^. Hence, by Lemma l9.11 for every v,w G {E'f.)^^^ with 
V > w, there exists a path in from u to w through regular vertices in E'^. Since Ek 
is in canonical form and by definition of the outsplitting graph, E'f. satisfies (HD, (ED, 
and ([2|) of Theorem I7.dl Furthermore, the fact that Ek is in canonical form implies 
that all the diagonal blocks of B*^^ have Smith normal form with at least two I’s, so 
it follows from the constructions of Lemma I^TT] that the diagonal blocks of B^, also 
have this property. Therefore E'^ also satisfies ([S|) of Theorem I7.dl By Remark 17.51 
we get a graph Fi in canonical form such that = mg' = m', riir. = n^;' = n', 
and E[ ^m' Fi. Also, we get an SL-p-equivalence {Wi,Zi): BJ.. -A B^,. 

Set U 2 = ^2 = . Since ,W\ G SLp(m',Z) and since 

Zi,Z^^ S SLp(n',Z), we have that det({72{i}) = 1, det(V2{0) = ~det(FL{i}), 
and det( 172 {j}) = det(17i{j}) and det(F 2 {j}) = det(FL{j}) for all j ^ i. By 
construction, the pair (^ 1 ,^ 2 ) is in standard form with B^. G ^^(m' x n',Z), 
U 2 B*pV 2 = B*p^,&nAFir^MEi. □ 


We now use the Cuntz splice to fix potential sign problems on V. 


Proposition 9.4. Let Ei and E 2 he graphs with finitely many vertices such that 
(Ai, A 2 ) is in standard form. Suppose ({7i,Fi): B^^ —>■ B^^ is a Gh-p-equivalence, 
where Ui G GL'p(m,Z) and Vi G GL'p(n,Z), and m = (mi,...,mAr) and n = 
(ui,..., Rat). If, for some i, irii 7 ^ 0, det(?7i{j}) = 1 and det(FL{i}) = —1, there 
exist graphs Fi and F 2 with finitely many vertices and there exist U 2 G GL-p(m',Z) 
and V 2 G GL'p(n', Z), where m' = {nii, ..., mi_i, mi + 2, rui+i,..., mm) and n' = 
(ni,..., ni-i,ni + 2 , Ui+i,..., n^) such that 

• Ek ^M' Ek, for k = l, 2; 

• (FijFj) is in standard form; 

• U2B^pV2 = B^pj 

• det(172 {*}) = det(V 2 {j}) = 1; and 
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• det{U 2 {j}) = det(t/i{j}) and det(y 2 {j}) = det(Vi{j}) for all j ^ i. 


Ml Xi Yi 


A 2 Xo Y 2 


Proof. Write as | 0 Bi Zi \ and write as j 0 B 2 ^2 | , where 

0 0 Cl/ ' \0 0 

Bk — and the entries of the last two rows of Bk are positive integers, and 

the corresponding vertices of Ek are regular. Apply Lemma 19.11 to E 2 to yield a 
graph E 2 and a matrix Vf. Let U- and V- be the matrices that one obtain when 
applying Lemma HOI to the graph Ei. 

0 0 ^ 

Set U = U \ 0 U- 0 I where U is the matrix defined by 


.0 0 Ii 


U{r, s} = < 


' /Ui{i} 0 0\ 

0 1 ^ if (r, s) = {i,i) 

Vo 01/ 

(Ui{r,i} 0 0^ ii {r,s) = {r,i),r ^ i 



Ui{r,s} 


Note that U € GL-p(m',Z). 

0 ON 


Set F = 0 V- 0 y 0 (Vf) 


/\-i 


,0 0 Ij 


.0 


0 


if (r,s) = (i,s),s^ i 


otherwise 


0 > _ 

0 I where V is the matrix defined by 
Ij 


V{r, s} = < 


' /Vi{i} 0 0\ 

0 ^ if (r, s) = {i, i) 

Vo 01; 

(^i{r,i} 0 0^ if (r,s) = (r,z),r f 



if (r,s) = (i,s),s 7 ^ i 


Vi{r, s} 


otherwise 


Note that V S GL'p(n',Z). 

By Lemma 19.11 and Lemma 19.21 we have that 




Note that det(17{z}) = 1 and det(y{j}) = 1; moreover, det(17{j}) = det(17i{j}) 
and det(l^{j}) = det(Vi{j}), for all j ^ i. Since E 2 is in canonical form, by 
Lemma O E 2 has the property that for every vertex v,w € (£' 2 )reg with v > w, 
there exists a path in E 2 from v to w through regular vertices in It is clear 
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from the construction of (i?i)- that for all regular vertices v,w of (i?i)- satisfying 
V > w, we have that there exists a path in from v to w through regular 

vertices of (-Ei)- (since Ei has this property). 

Since E 2 is in canonical form and by the definition of the outsplitting graph, we 
have that E 2 satisfies ([T]), ([5]) and (|3]) of Theorem [731 Similarly, (Ei)- will satisfy¬ 
ing the same properties since Ei is in canonical form. Furthermore, the canonical 
form of Ek and the construction of Lemma 19.11 implies that the diagonal blocks 
of 67/ have a Smith normal form with at least two I’s, so E^. also satisfies (O of 

fc ____ 

Theorem [731 By Remark [731 there exist graphs Fi, E 2 in canonical form such that 
niFi = = m', riFi = n(Fi)_ = n', Fi (£'i)-, and F2 ~m E'^. Moreover, 

there exist SL-p-equivalences {Wi^Zi): —>• and {W 2 ,Z 2 ): —>■ . 

Set U 2 = W 2 ^UWi and V 2 = ZiVZ^^. Since , IFi G SL-p(m',Z) and since 
Zi, Z 2 ^ G SL-p(n', Z), we have that det( 172 {i}) = det(V 2 {i}) = 1, and det(t 72 {j}) = 
det([/i{j}) and det(V 2 {j}) = det(Fi{j}) for all j ^ i. By construction, the pair 
{Fi,F2) is in standard form with B^^ G x n',Z), 1 / 26 ^^V 2 = B^^, and 

Fk ^M' Ek- □ 

We now have all we need to modify a GL-p-equivalence to an SL-p-equivalence. 

Theorem 9.5. Let Ei and E 2 be graphs with finitely many vertices such that the 
pair {Ei,E 2 ) is in standard form. Suppose {U,V) is a GL-p-equivalence from B^^ 
to satisfying that V{i} = 1 whenever = 1. Then there exist graphs Fi 
and F 2 such that Ei '^m' Fi, the pair (^ 1 ,^ 2 ) is in standard form, and B^^ is 
Shp-equivalent to Bp^. 

Proof. The theorem follows from an argument similar to the argument in [R,es061 
Theorem 6.8] with Propositions 19.31 and 19.41 in place of [ResOGl Lemma 6.7]. 

Briefly, the idea is that we are given a GL-p-equivalence, say {U, V). We go down 
the diagonal blocks and for each of them use Proposition 19.31 if necessary to make 
sure the U has positive determinant. Then we go down the diagonal blocks again 
this time using Proposition 19.41 to fix the determinant of the diagonal blocks of V 
when necessary. □ 

10. Generalization of Boyle’s positive factorization method 

In |Boy02| , Boyle proved several factorization theorems for square matrices. 
These theorems are the key components to go from SLp-equivalence to flow equiv¬ 
alence. In this section, we prove similar factorization theorems for rectangular 
matrices. This is our key technical result to go from SL-p-equivalence to move 
equivalence. Although the assumptions might seem restrictive, every unital graph 
C*-algebra is move equivalent to another unital graph C'*-algebras whose adja¬ 
cency matrix satisfy the assumptions of the factorization theorem. The proof for 
rectangular matrices will closely follow the proof in |Boy02| for square matrices. 

First we introduce a new equivalence called “positive equivalence” of two matrices 
in 9Hp(m x n,Z) (see Definition 110.11) and show that if 7 ^ 0 for all i, then two 
matrices in 911p(m x n, Z) that are SLp-equivalent are positive equivalent. 

Definition 10.1. Define 31lp(m x n,Z) to be the set of all B G ‘tXflpfm x n,Z) 
satisfying the following: 

(i) If * ^ J and B{i,j} is not the empty matrix, then B{i,j} > 0. 

(ii) If B{i} is not the empty matrix, then B{i\ > 0, the Smith normal form of 

B{i} has at least two I’s, and ni,mi > 3. 

Note that condition (ii) implies that the row rank of every non-empty diagonal 
block is at least 2. In most of what follows, this will suffice for our purposes, but 
the stronger condition is needed to apply Theorem IIP. 71 below. 
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Let B,B' G DJlp(m x n,Z). An SLp-equivalence (U,V): B —>■ B' is said to 
be a positive equivalence if U has a factorization of basic elementary matrices in 
SLp (m, Z) and V has a factorization of basic elementary matrices in SL-p (n, Z) such 
that when applying these basic elementary matrices at each step we get matrices 
in DJl^(m x n, Z) (recall from |Boy02| that a basic elementary matrix is a matrix 
that is equal to the identity matrix except for on one offdiagonal entry, where it is 


either 1 or —1). We denote a positive equivalence by B 


(u,v) 


B' 


Note that every element U G SLp (n, Z) has a factorization of basic elementary 
matrices in SLp(n,Z). Therefore, a positive equivalence {U,V): B ^ B' is an 
SL-equivalence that allows one to stay in fOtp (m x n, Z) for some factorization of 
U and V. 


10.1. Factorization: Positive case. In this section, we prove a factorization 
theorem similar to that of |Boy02[ Theorem 5.1] for positive rectangular matrices. 
The proof is imitating the proof in |Boy02| for square matrices. 

Definition 10.2. By a signed transposition matrix, we mean a matrix which is the 
matrix of a transposition, but with one of the offdiagonal I’s replaced by —1. By a 
signed permutation matrix we mean a product of signed transposition matrices. 

Note that for K > 1, any K x K permutation matrix with determinant 1 is a 
signed permutation matrix. A K x K matrix 5" is a signed permutation matrix if 
and only if det(5') = 1 and the matrix [S'] is a permutation matrix (where |S'|(i, j) := 

For B, B' G X n, Z), we say an equivalence {U, V): B —>■ B' is a. positive 

equivalence through DJl~^(mxn, Z) if it can be given as a chain of positive elementary 
equivalences 

B = Bq —¥ B\ —y B 2 —^ ' ■' —y B^ = B 

in which every Bi is in S[Jl+(m x n,Z) (recall from |Boy02| that an equivalence 
([/, V) is an elementary equivalence if one of U and F is a basic elementary matrix 
and the other is the identity matrix). 

Investigating the proof of |Boy02[ Lemma 5.3 and Lemma 5.4] one can see the 
proofs also hold for rectangular matrices. Thus, we have the following lemmas. 

Lemma 10.3 (c/. |Boy02[ Lemma 5.3]). Suppose B G DJl'^(m x n,Z), E is a 
basic elementary matrix with nonzero offdiagonal entry E(i,j), and the ith row 
of EB is not the zero row. Then there exists Q G SL(n,Z) that is a product 
of nonnegative basic elementary matrices and there exists a signed permutation 
matrix S G SL(to,Z) such that (SE,Q): B —>■ SEBQ is a positive equivalence 
through TSV'ijn x n,1j). 

Lemma 10.4 (cf. |Boy02[ Lemma 5.4]). Let B be an element ofiIll{Ki x K 2 ,'Z) 
for Ki,K 2 > 3 such that the row rank of B is at least 2. Suppose U G SL(Ari,Z) 
.such that no row of B and UB is the zero row. Then U is the product of elementary 
matrices U = Ek ■ ■ ■ Ei such that for 1 < j < fc the matrix EjEj-i ■ ■ ■ EiB has no 
zero rows. 

The following lemma is inspired by the reduction step in the proof of |Boy02[ 
Lemma 5.5]. We give the entire proof for the convenience of the reader. 

Lemma 10.5. Let B G Dyi~^{Ki x K 2 ,'Zf) with Ki,K 2 > 3. Suppose the row rank 
of B is at least 2 and there exists U G SL(Ari,Z) such that UB > 0. Then the 
equivalence (U, JiCa)- B —> UB is a positive equivalence through 31l+(A'i x K 2 ,Tf). 
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Proof. By Lemma 110.41 we can write C7 as a product of basic elementary matrices 
U = EkEk-i ■ ■ ■ El, such that for 1 < j < fc, the matrix Ej ■ ■ ■ EiB has no zero 
row. By Lemma llO.Ol given the pair {Ei, B), there is a nonnegative Qi which is a 
product of nonnegative basic elementary matrices and a signed permutation Si such 
that {SiEi,Qi): B —>■ SiEiBQi is a positive equivalence through x iL 2 ,2). 

Note that 

UBQi = Sf^SiEkSf^] ■ ■ ■ [SiE 2 Sf^][SiEi]BQi. 

Now, for 2 < j < k, the matrix SiEjSf^ is again a basic elementary matrix 
Ej. Since Ej ■ ■ ■ E2{SiEiBQi) = SiEj ■ ■ ■ E2E1BQ1 for 2 < j < fc and since 
Ej ■ ■ ■ E2E1BQ1 has no zero rows, and Si is a signed permutation, we have that 
E'j ■ ■ ■ E2{SiEiBQi) has no zero rows for all 2 < j < k. 

Using Lemma HO.Ol for the pair {SiE2Sf^, SiEiBQi), we get a signed permu¬ 
tation matrix S2 and a nonnegative Q2 which is a product of nonnegative basic 
elementary matrices such that 

iS 2 [SiE 2 Sf%Q 2 ): SiEiBQi ^ S 2 [SiE 2 Si]-^SiEiBQiQ 2 

is a positive equivalence through 971+(iLi x K 2 , 1 ). Thus, we get a positive equiv¬ 
alence through 971+(iLi x 7^2, Z) 

([<S' 2 <S'iU 25 ']^ ^\\SiEi],QiQ 2 ). B — 5 > S2S1E2E1BQ1Q2 
and we observe that 

UBQ1Q2 = Sf^Sf^[S2SiEkSf^S2^] • • • 

• • • [S2SiE^Sf^Sf\S2SiE2Sf\SiEi]BQiQ2. 

Continue this, to obtain a signed permutation matrix S = Sk ■■■ Si and a nonneg¬ 
ative matrix Q = Q1Q2 ■ ■ ■ Qk that is a product of nonnegative basic elementary 
matrices such that 


UBQ = S-^[Sk ■ ■ ■ SiEkSi^ ■ • • S^\] ■ ■ ■ [S2SiE2Sf^][SiEi]BQ = S-\SUBQ) 


and {SU, Q): B ^ SU BQ is a positive equivalence through 97t+(iLi x K2,1). 

We claim that the equivalence (5, IK 2 ) ■ UBQ — 5 > SUBQ is a positive equivalence 
through 971+(iLi x K 2 ,'Z). Since S' is a product of signed transposition matrices, it 
may be described as a permutation matrix in which some rows have been multiplied 
by —1. Since UBQ and SUBQ are strictly positive, it must be that S is a per¬ 
mutation matrix. Also, det(S) = 1, so if S ^ Iki, then S is a permutation matrix 
which is a product of 3-cycles. So it is enough to realize the positive equivalence 
through 971+(All x K 2 , Z) in the case that S is the matrix of a 3-cycle. For this we 
write the matrix 


C = 



as the following product CoC'iC 2 C 3 ( 74 ( 75 : 

/l 0 0\ / 1 0 0\ /I 0 -1\ /I 1 0\ 

0 1 0 -1 1 0 0 1 0 0 1 0 

\0 -1 1/ \0 0 1/ \0 0 1 / \0 0 1/ 





For 0 < i < 5, the matrix C^Ci+i • ■ • C 5 is nonnegative and has no zero row. 
Therefore, the equivalence (C,/): D —> CD is a positive equivalence through 
971+ (ATi X K2,'L) whenever D e 971+ (ATi x K2,'Z). Therefore, {S,Ik2)- UBQ 
SUBQ is a positive equivalence through 971+(ATi x K 2 , Z) proving the claim. There¬ 
fore, {S~^,Ik 2 )- SUBQ —>• UBQ is a positive equivalence through 971+(Ari x 
K 2 ,Z). Since Q is the product of nonnegative basic elementary matrices and 
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UB € X K2,1^), the equivalence {Iki,Q)- UB ^ UBQ is a positive equiv¬ 
alence through Dyi'^{Ki x K 2 ,'Z). Thus, UBQ —^ UB is a positive 

equivalence through x K 2 ^h). Now the composition of positive equiva¬ 
lences through x K 2 ,'l) 


B- 


{SU,Q) 


SUBQ ■ 


{S-\IkQ 


UBQ- 


Uk^.Q-") 


UB 


is positive equivalence through x K 2 , Z) but the composition of these equiv¬ 

alences is equal to the equivalence (?7, /kj): B UB. Hence, the equivalence 
{U, /ifa) ■ B UB is a positive equivalence through 971+(/fi x 7 ^ 2 , Z). □ 


The proof of the next lemma is similar to the proof of |Boy02[ Lemma 5.5]. Since 
there are some differences between the two proofs we provide the entire argument. 

Lemma 10.6 (c/. |Boy02[ Lemma 5.5]). Let B and B' he elements o/9}t+(iLi x 
K 2 ,Z) with Ki,K 2 > 3, and the rank of B and B' at least 2. Suppose U S 
SL(iLi,Z) and W € SL(iL 2 ,Z) such that UB has at least one strictly positive entry 
and UB = B'W. Then the equivalence {U, W~Q : B ^ B' is a positive equivalence 
through 971+(iLi x 7 ^ 2 , Z). 

Proof. We will first reduce to the case that UB > 0. By assumption {UB){i,j) > 0 
for some (i, j). We can repeatedly add column j to other columns of until row i of 
UB has all entries strictly positive. This corresponds to multiplying from the right 
by a nonnegative matrix Q in SL( 75 r 2 ,Z), where Q is the product of nonnegative 
basic elementary matrices, giving UBQ = B'WQ. Then we can repeatedly add row 
ioiUBQ to other rows until all entries are positive. This corresponds to multiplying 
from the left by a nonnegative matrix P in SL(iLi,Z), where P is the product of 
nonnegative basic elementary matrices, giving {PU){BQ) = {PB'){WQ) > 0. We 
also have positive equivalences through 971+(iLi x K2,1f given by 

(/, Q): B ^ BQ and (P, I): B' ^ PB'. 

Note that the equivalence ([/, B ^ B' is the composition of equiva¬ 

lences, {I,Q): B BQ followed by {PU, (WQ)~^): BQ — PB' followed by 
(P“^, I) : PB' B'. Since (/, Q): B ^ BQ and {P~^ ,1): PB' B' are positive 
equivalences through 971+ {Ki x K 2 , Z), it is enough to show that the equivalence 
{PU,{WQ)~^)-. BQ — PB' is a positive equivalence through 97l+(Pri x 7 ^ 2 ,Z). 
Therefore, after replacing (P, B, B', W) with {PU, BQ, PB', WQ), we may assume 
without loss of generality that UB > 0. 

By Lemma [ 10.51 the equivalence (P, 7 ^ 2 ): B ^ UB is a positive equivalence 
through 97l+(7Li x 7^2,Z). Therefore, by Lemma [ 10.51 {(W)'^ ,Iki)' (B')^ —>■ 
W'^{B'Y^ is a positive equivalence through 97t+(7^2 x Tfi, Z) which implies the equiv¬ 
alence {Ik^W): B' —>• B'W is a positive equivalence through 971+(TLi x 7^2,Z). 
Thus, the equivalence {lKnW~^): B'W —>■ P' is a positive equivalence through 
971+(Tfi X 7^2, Z). Since the equivalence {U,W~^): B ^ B' is the composition of 
positive equivalences: (P, IK 2 ): B ^ UB followed by (Iki , W~^) : B'W —> B', the 
equivalence (P, W ~^): P —>■ P' a positive equivalence through 971+(7iri XK 2 , Z). □ 


Theorem 10.7 (c/. |Boy02[ Theorem 5.1]). Let Ki,K 2 > 3 and let B G 971+(Tfi x 
7 ^ 2 ,Z). Suppose U G SL(7Li,Z) and V G SL( 7 L 2 ,Z) such that UBV G 971+(TLi x 
7 ^ 2 , Z) and suppose that X G SL(7Li,Z) and Y G SL( 7 L 2 ,Z) such that 
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Then the equivalence (U, V): B ^ UBV is a positive equivalence through 971+(.fCi x 

K2,Z). 


Proof. Note that for any H G SL(2,Z), the ICi x Ki matrix Gh,i and K 2 x K 2 
matrix Gh. 2 , given by 


Gh.i 



0 ^ 

IK1-2) 


and Gh ,2 = 


H 

0 


0 V 

IK2-2) ’ 


give a self-equivalence {X~^GH,iX,YGfi\Y~^): B ^ B. 

For a matrix Q, we let (3(12; *) denote the submatrix consisting of the first two 
rows. Since {XBY){12\ *) has rank 2 and Y is invertible, we have that {XB){12-, *) 
has rank two. Therefore, there exists H' G SL(2,Z) such that the first row r = 
(ri,..., of B'[(XB)(12; *)] has both a positive entry and a negative entry. 

/ Cl \ 


Let c = 


denote the first column of X ^, and note that it is nonzero. Since 


\cKi/ 

cr is the Ki x K 2 matrix with (f, j) entry equal to Cirj , we have that cr has a positive 
and a negative entry. For each m S N, set Hm = ( T Choose m large 


enough such that the entries of the two matrices X~^GHm,i^^ ^^^d mcr will have 
the same sign wherever the entries of mcr are nonzero. In particular, X~^GHmA^^ 
will have a positive entry. By Lemma 110.61 B B 

gives a positive equivalence through 911+ {Ki x 1 ^ 2 , Z). 

Similarly for large enough m, the entries of will agree in sign 

with the entries Ucr whenever the entries of the latter matrix are nonzero. Since 
U is invertible, the matrix Ucr is nonzero, and thus contains positive and negative 
entries, because r does. Therefore, UX~^G contains a positive entry. By 
Lemma 110.61 


{UX-^GH^pX,YGfj^^^^Y-^V)-. B^B' 

gives a positive equivalence through 911+(iFi x 1 ^ 2 , Z) with B' = UBV. Hence, 
the equivalence (G, V): B ^ B' is a. positive equivalence through 911+(Xi x K 2 , Z) 
since it is the composition of positive equivalences through 911+(Xi x X 2 ,Z): 

{X-^GhI ,X,YGh^,2Y~^): B^B 

followed by 

{UX-^Gh^,iX, YGJil^^Y-W) -.B^B' □ 


10.2. Factorization: General case. We now use the results of the previous sec¬ 
tion to prove a factorization for general B,B' G 911^(m x n, Z) with 7 ! 0 that 
are SL-p-equivalent. Again, many of the arguments follow the arguments of Boyle 
in |Boy02| . 

Lemma 10.8 (c/. |Boy02[ Lemma 4.6]). Let B,B' G 911p(m x n,Z) with Ui ^ 0 
for all i. If (U, V): B ^ B' is an Sh-p-equivalence such that U{T\ and V{j} are the 
identity matrices of the appropriate size whenever they are not the empty matrix, 
then (U, V): B ^ B' is a positive equivalence. 


Proof. We will first find Q in SLp (n, Z) which is a product of nonnegative basic 
elementary matrices such that {U, Q): B ^ UBQ is a positive equivalence. We 
may assume that U is not the identity matrix. Factor U = G„ • • ■ Gi where for each 
Ut there is an associated pair {it,jt) such that the following hold 

• Ut = I except in the block Ut{it,jt}j where it is nonzero 

• if s yit, then {is,js) 
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Factor Ui = UiU^, where and are equal to / outside the block {ii,ji}, 
Ui{ii,ji} is the nonpositive part of Ui{ii,ji} and U^{ii,ji} is the nonnegative 
part of Ui{ii,ji}. Note that is a product of nonnegative basic elementary 
matrices in SL'p(m, Z) and C/j” is a product of nonpositive basic elementary matrices 
in SLp(m, Z). It is now clear that {Ui ,1): B —> B is a positive equivalence. 

Now, note that B = B outside the blocks {ii, k} such that ii -< ji ^ k. 

Also note that mq ^ 0 (since Ui ^ I). Since rii ^ 0 for all i, we have that B{ii} 
is not the empty matrix. Therefore, B{ii} > 0 since B G x n, Z). Hence, 

{U^B){ii} > 0 since {U^,I): B -G- B is a positive equivalence. We can now 
add columns of {Ui B){ii} to columns of {U^ B){ii,k} for all ii < ji d: k enough 
times to obtain a Qi which is a product of nonnegative basic elementary matrices 
in SLp(n, Z) such that {Ui,Qi): B —>■ UiUiBQx is a positive equivalence. 

Since (C/i, Qi): B -G UiB is the composition of positive equivalences 



+ 


U^B 


(W.Qi) 

+ 


UiBQi 


we get that the equivalence {Ui,Qi): B —>■ UiBQi is a positive equivalence. 

Repeat the process for the matrices UiBQi and U2U1BQ1, we get Q2 which is 
the product of nonnegative elementary matrices in SL-p(n, Z) such that the equiv¬ 
alence (C/ 2 , < 52 ): UiBQi —^ U 2 U 1 BQ 1 Q 2 is a positive equivalence. We continue 
this process to get Qi that is the product of nonnegative elementary matrices in 
SL'p(n, Z) for 1 < i < n such that {U,Q): B -G UBQ is a positive equivalence, 
where Q = Qi-- ■ Qn- 

We now show that there exists P that is a product of nonnegative basic el¬ 
ementary matrices in SL'p(m,Z) such that {P,V~^): B' — >■ PB'V~^ is a posi¬ 
tive equivalence. Throughout the rest of the proof, if M S 9/1^(m x n,Z), then 
M{{1,2,..., i}} will denote the block matrix whose {s, r} block is M{s, r} for all 
1 < s,r < i. First note that there are matrices V2, ■ • ■ , Vn in SL 75 (n, Z) such that 
V~^ = V2V3 ■ ■ ■ Vn, each Vi is the identity matrix except for the blocks Vi{l, i}, and 


Let V~ be the matrix in SL^ (n, Z) that is the identity matrix except for the blocks 
Vi{l, i} and V~{1, i} is the nonpositive part of Vi{l, i} and let V^ be the matrix in 
SL73(n, Z) that is the identity matrix except for the blocks Vi{l,i} and V^{l,i\ is 
the nonnegative part of Vi{l,i}. Note that V^V~ is equal to the identity matrix 
except for the blocks Vi{l,i} and {V^'^V~){l,i} = V^{l,i} + V~{l,i} = Vi{l,i}. 
Therefore, Vi = V^^V~ 

We will inductively construct matrices P 2 , P 3 ,. ■., Pn in SLp(m,Z) such that 
each Pi is the product of nonnegative basic matrices such that each Pi is the iden¬ 
tity outside of the blocks {l,i] ioi I < i and for each 2 < i < N, we have that 
{Pi, Vi): Pi-i ■ ■ ■ P 2 B'V 2 ■ ■ ■ Vi-i -G Pi - ■ ■ P 2 B'V 2 ■ ■ - Vi is a positive equivalence. 
Note that if we have constructed Pi, then the composition of these positive equiva¬ 
lences gives a positive equivalence {P, V~^): B' -G PB'V~^, where P = Pk - ■ ■ P 2 - 
Thus, the lemma holds. 

We now prove the claim. We first construct P 2 . Note that if 1 is not a predecessor 
of 2, then V^ = V.^ = I. Therefore, (/, V 2 ): B' —>■ B'V 2 is a positive equivalence. 
Suppose 1^2. Suppose mi = 0. Then B'V^V 2 ~ = B'V^ = B' which implies 
that (/, 1^”): B'V^ -G B'V 2 is a positive equivalence. So, (/, V 2 ): B' —>• B'V 2 is a 
positive equivalence since it is the composition of the positive equivalences (/, V ^) 
and {I,V^). Suppose mi ^ 0. In this situation, we have two cases, m 2 ^ 0 and 
m 2 = 0. 
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Suppose 1712 ^ 0. Note that B'V^V.^ is equal to B' except for the {1, 2} block. 
We have that B'V^ > 0 since B' > 0 and (I, ): B' —>■ B'V^ is a positive 

equivalence. Hence, we may add rows of {B'V^){2} to rows of {B'V.^){1, 2} to get 
a matrix P 2 in SLp(m,Z) that is the product of nonnegative basic matrices and 
is the identity outside of the block {1,2} such that {P 2 ,Vf): B'V^ -5- B'V 2 is a 
positive equivalence. Composing the positive equivalences and {P 2 ,Vf), 

we get a positive equivalence {P 2 , V 2 ): H' —5- P 2 HV 2 . 

Suppose m 2 = 0. Then 

{B'V2){1, 2} = B'{1}V2{1, 2} + B'{1, 2}V2{2} 

= B'{1}V-^{1,2} + B'{1,2} 

= {B'V-^){1,2}, 

since V2{{1,2}} = V~^{{1,2}} and V2{2} = V~^{2} = I. Therefore, 
{B'V+)V^){1, 2} = (i?W-i){l, 2} = (UB){1, 2} 

= C/{1}B{1,2} + C/{1,2}H{2} 

= 5(1,2} >0, 

since U{1, 2} is the empty matrix and C/{1} = I. Therefore (I, ): B'V^ B'V 2 

is a positive equivalence and by composing the positive equivalences (/, and 
(/, V 2 ~), we get a positive equivalence (/, V 2 ): 5' —> B'V 2 . 

So, in all cases, we have found a matrix P 2 in SLp(m,Z) that is the product 
of nonnegative basic elementary matrices and is the identity outside of the block 
(1, 2} such that {P 2 , V 2 ): B' —> P 2 B'V 2 is a positive equivalence. 

Let 2 < n < N — 1 and suppose we have constructed P 2 , P 3 ,..., Pn in SL'p(m, Z) 
such that each Pi is the product of nonnegative basic matrices and Pi is the identity 
outside of the blocks {l,i} with I -< i and for each 2 < i < n, we have that 
{Pi, Vi): Pi-i ■ ■ ■ P 2 B'V 2 • ■ • Vi-i Pi - ■ ■ P 2 B'V 2 ■ ■ - Vi is a positive equivalence. 

To simplify the notation, we set B[ = Pi - ■ ■ P 2 B'V 2 ... 14- Since B'^ > 0, we get 
a positive equivalence (/, 5^ —> Note that is equal 

to B'^ except for the blocks {i,n + 1} with i ^ n + 1. 

Suppose m„+i ^ 0. Then(5^1^;^){n + 1} > 0. Hence, we may add rows 
of iB'^V^_^i){n + 1} to rows of {B'^V^_^i){i,n + 1} for all i -< n + 1, to obtain 
a matrix P„+i in SLp(m,Z) which is the product of nonnegative basic matri¬ 
ces and is the identity outside of the blocks {i,n + 1} fori ^ n-|-l such that 
(P„+i, 141 ^^): 5 ^ 14+1 P„+i5^14+i is a positive equivalence. Composing the 

positive equivalences (7,14+;^) and (P„+i,t444, we get that (P„+i,t4+i): B'^ 
Pn+iB'j^Vn+i is a positive equivalence. 

Suppose m„+i = 0. Let I = (io,..., it} be the set of elements is dV that satisfy 
is d: n + 1, mi^ 4 0) ^nd if is ^ i ^ n -I- 1, then mi = 0. Note that for all distinct 
is,ir € I, is is not a predecessor of i^.. Note that if / = 0, then 5^14+iK}+i “ 
5^1441 = 54 This would imply that (J, t44i): l?nl4+i ^ B'nVn+i is a positive 
equivalence and hence (/, 14+i): B'^ —> B'^Vn+i is a positive equivalence. 

Suppose / 4 0- Note that for each is € I, 

{B'„Vn+l){is,n+l}= Y. {Pn---P2B'){ts,l}{V2...VnVn+l){l,n+l} 

is 

= Y (Pn- ■■P 2 B') {is, 1}V-^ {1,11+1} 

is 


{iPn---P2B')V-^){is,n + l} 
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since {V 2 ■. ■ i4T4+i){{l, ..■n + l}} = V ^{1: ■■■,n + 1}}. Since • • • P 2 UB = 
Pn---P2B'V-\ 

{{Pn ■ ■ • P 2 B')V-^){is, n + 1} = ((P„ • • • P 2 U)B){is, n + 1} 

= ^ {Pn---P2U){is,l}B{l,n+l}. 

is 

Using the fact that m/ = 0 for all is ^ ^ n + 1 and (P„ ■ • • P 2 U){is} = I, we get 
that 

{B'^Vn+i){is, n + 1} = B{is, n + 1}. 

Moreover, (B'^Vn+i){is,n + 1} = B{is,n + 1 } > 0 because rm^ ^ 0 and B e 
®tp(m X n,Z). 

For each I -< n+1, there exists an s such that I ^ ig. Recall that {B!^V^_^i){is, n+ 
1 } > 0 , so if 1 ^ is, we may add rows of (_B^U^^){is, n+ 1 } to rows of {B'j^V^_^i){l, n+ 
1}, to get a matrix Pji_^.i in 8 + 73 ( 111 , Z) that is the product of nonnegative ba¬ 
sic elementary matrices and is the identity outside of the block {l,n + 1 } such 
that (P,(+iP;i 4 +i){Z,n + 1 } > 0. Doing this for all / + n + 1, we get a matrix 
Pn+i in SL-p(m,Z) that is the product of nonnegative basic elementary matri¬ 
ces and is the identity outside of the blocks {/,n+l} for I + n +1 such that 
{Pn+i,V~_^i): Pn+iB!^Vn+i is a positive equivalence. Composing the 

positive equivalences (/, U^i) and we get that (Pji+i, U„+i): B'^ 

Pn+iB'^Vn+i is a positive equivalence. 

In all cases, we get a matrix Pn+i in 8+73(111, Z) that is the product of noimegative 
basic elementary matrices and is the identity outside of the blocks {l,n + 1 } for 
I < n + 1 such that (P„+i,I 4 +i): B'^ —>• Pn+iB'^Vn+i is a positive equivalence. 
The claim now follows by induction. □ 

The next lemma allows us to reduce the general case to the case that the diagonal 
blocks U{i} and V{j} are the identity matrices of the appropriate sizes when they 
are not the empty matrices. This will allow us to use +emma ri0.8l to get the desired 
positive equivalence. 

Lemma 10.9 ( |Boy02[ +emma 4 . 9 ]). Let B,B' G 9 Jlp(m x n, Z) with ni ^ 0 for 
all 1. Fix i with mi 7 ^ 0. 

( 1 ) Suppose E is a basic elementary matrix in S+7>(m,Z) such that E{j,k} = 
/{j, fcj when {j,k) 7 ^ (i,i) and 

(E{i},I}: B{i}^B'{i} 

is a positive equivalence. Then there exists V G 8+73(11, Z) which is the 
product of nonnegative basic elementary matrices in 8+73(11, Z) such that 
V{k} = I for all k and 

{E,V): B EBV 
is a positive equivalence. 

( 2 ) Suppose E is a basic elementary matrix in 8+73(11, Z) such that E{j,k} = 
I{j,k} when {j,k) 7 ^ {i,i) and 

iI,E{i}): B{t} ^ B'{i} 

is a positive equivalence. Then there exists U G 8+73(11, Z) which is the 
product of nonnegative basic elementary matrices in 8+73(11, Z) such that 
U{k'\ = I for all k and 

([/, E): B ^ UB'E 
is a positive equivalence. 
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Proof. We prove (1). The proof of (2) is similar. Let E{s,t) be the nonzero offdi- 
agonal entry of E. If E{s,t) = 1, then set V = I. Suppose E{s,t) = —1. So, E 
acts from the left to subtract row t from row s. Since rrii ^ 0 and 

{E{i},I): 

is a positive equivalence, we have that {EB){i} > 0. Thus, there exists r an index 
for a column through the {i,i} block such that B'{s,r) > B'{t,r). Let V be the 
matrix in SL'p(n, Z) which acts from the right to add column r to column 5, M 
times, for every q indexing a column through an {i,j} block for which i -< j. Choos¬ 
ing M large enough, we have that {E, I): B'V —^ EB'V is a positive equivalence. 
Therefore, {E, V): B ^ EBV is a positive equivalence since it is the composition 
of two positive equivalences: (/, V): B —>■ BV followed by (E, I): BV EBV. □ 

We are now ready to prove the main result of this section. This result will be 
used to show that if the adjacency matrices of E and E are SL-p-equivalent, then 
E is move equivalent to E. Consequently, C*{E) is Morita equivalent to C*{F). 

Theorem 10.10 ( |Boy02[ Theorem 4.4]). Let B,B' S 9Jlp(m x n, Z) with Hi 0 
for all i. Suppose there exist U € SL'p(m,Z) and V S Sh-p{n,'Z) such that UBV = 
B'. Then (U,V): B ^ B' is a positive equivalence. 

Proof. By Theorem ll().71 for each i with rrii 7^ 0, we have that {U {z}, V {z}): B{i} 
B'{i} is a positive equivalence since by (ii) of Definition 110.11 a 2 x 2-submatrix 
can be extracted as stipulated. So, we may find a string of elementary equivalences 
say {Ei,Fi),...,{Et,Ft), with every Et{i,j} = J, Ft{i,j} = I unless i = j with 
rui 7^ 0, which accomplishes the elementary positive equivalences decomposition 
inside the diagonal blocks. By Lemma [10.91 we may find (f7i, Vi),..., (Ct, Vj) such 
that Us G SL-p(m,Z), I4 G SLp(n,Z), Us{k} = I, Vs{k} = /, and such that we 
have the following positive equivalences 

(I/i.Fi) (Ei.yi) (Ft.Ft) {Et.Vt) 

±> -^ • • • - 13 . 

+ -I- -I- + 

Let X = EtUt ■ • ■ E 2 U 2 E 1 U 1 and Y = F 1 V 1 F 2 V 2 ■ ■ ■ FtVt. Then for all z, we have 
that ^{z} = U{i} and Y{i} = V{i}. Therefore, {UX~^){i} = I and {Y~^V){i} = 
I for all i. Then by Lemma [10.81 

„ (i/a-Lv-V) 

B" - -^- 1 B' 

-I- 


is a positive equivalence. Thus, {U,V): B B' is a positive equivalence since it is 
the composition of two positive equivalences 


(ux-\Y-X) 
-I- -I- 


□ 


11. Putting it all together/Proof of main theorem 

Theorem 11.1. Let Ei and E 2 be graphs with finitely many vertices satisfying 
Condition (K) and assume that FK^(C*(i?i)) = FKi^{C*{E 2 )). Let Fi and F 2 be 
chosen according to Provosition 1 7. .91 Then there exists a GL-p-equivalence (U,V) 
from to that satisfies that V{i} is the identity matrix whenever ni = 1. 

Proof. As usual, we define V, m and n according to the matrices B^^ to B^^ so 
that it reflects the ideal structure of the associated (7*-algebras. Here, B^^, G 
X n,Z). We let denote the set V with the opposite order defined by 

i Y j in if and only if iV -|- 1 — j ^ -|- 1 — z in P, for i = 1, 2, ..., TV. 

Moreover, we let m^ = (ttzat, ..., m2, wi) and = (tzat, ..., 712, zzi), we let 

m = mi -I- m2 -I- • • • -I- mAT and n = zzi -I- 712 + • • • + hat, and we let Jm and 
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Jn be the m x m respectively n x n permutation matrix that reverses the order. 
Then Jn (B^J Jm,Jn (BpJ Jm e 91t-pT(n'^ X m^,Z). So in a similar way as 
in the proof of [ResOGl Proposition 8.3], where we use |CET12[ Theorem 4.1 and 
Remark 4.2] in the place of )Res061 Proposition 3.4], we see that this ordered fil¬ 
tered RT-theory isomorphism induces a R'-web isomorphism from K (Jn(B^j^)^ Jm) 
to RT (Jn(B^2 Jm) • When rii = 1, positivity implies that the isomorphism from 
cok (Jn(B^J^ Jm) to cok (Jn(B^^)^ Jm) is the identity map. 

Now we use Theorem 18.121 to get a GL^t- equivalence {U,V) from Jn(B^J^Jm 
to Jn(B^2)^Jm that induces exactly this RT-web isomorphism. Note that U{i} is 
the identity matrix whenever UN+i-i = 1- As in [ResOGl Remark 8.2], we see 
that JnU^Jn) is a GL-p-equivalence from to B^^ that satisfies that 

{JnU~^ Jn) {*} is the identity matrix whenever rii = 1. □ 

Proof of Theorem \S.l[ (IT|) (|2|): It follows from Theorem 12 .1 71 that the moves 

(0), (I), (R), (S) preserve stable isomorphism. By Proposition [5^ (C) also pre¬ 
serves stable isomorphism so ^m' preserves stable isomorphism. 

© ^ dSl): Holds in general. 

® ©: Suppose we are given graphs Ri, R2 that satisfy Gondition (K) and 

have finitely many vertices. By Theorem lll.il we can find graphs Fi and R2 with 
finally many vertices such that Ei Fi, R2 J2 and (Ri, R2) are in standard 
form and there exists a GLp-equivalence (R, V) from B^^ to B^^ that satisfies that 
V{i} is the identity matrix whenever = 1. Theorem 19.51 lets us find graphs 
Gi,G 2 in standard form such that Gi Ri,G 2 ~m' R 2 and B^^ and B^^ are 
SL-p-equivalent. By Theorem 110.101 this equivalence is a positive equivalence and 
so by Gorollarv l7.8I Gi G2. Thus we have 

Rl Rl ^M' Gi G2 ^M' R2 R2- n 
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